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ABSTRACT. We extend the arithmetic product of species of structures and symmetric sequences studied
by Maia and Méndez and by Dwyer and Hess to coloured symmetric sequences and show that it determines
a normal oplax monoidal structure on the bicategory of coloured symmetric sequences. In order to do
this, we establish general results on extending monoidal structures to Kleisli bicategories. Our approach
uses monoidal double categories, which help us to attack the difficult problem of verifying the coherence
conditions for a monoidal bicategory in an efficient way.
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1. INTRODUCTION

Context, aim and motivation. Joyal’s theory of species of structures [Joy81] provides an illuminating
and powerful approach to enumerative combinatorics, as amply illustrated in [BLL9S8], and finds applications
also in algebra [AM10]. By definition, a species of structures F' is simply a functor from the category B
of finite sets and bijections to the category of sets and functions, mapping a finite set U of ‘labels’ to a
set F[U] of ‘F-structures’ (e.g. binary rooted trees) labelled by elements of U. Importantly for applications,
species of structures support a calculus of operations (which includes substitution, sum, product and
differentiation) that has a combinatorial interpretation and provides a ‘categorification’ of the calculus of
exponential power series widely used in combinatorics [Wil06]. This point of view is supported by the
introduction of the so-called analytic functor associated to a species of structures [Joy86], which is defined
by the formula
n
neN n

where, for n € N, [n] = {1,...,n} and the fraction denotes the quotient of F[n] x X™ by the evident
action of the n-th symmetric group &,,. The passage from species of structures to analytic functors goes
via symmetric sequences, which are defined as functors from &, the skeleton of B whose objects are finite
cardinals, into the category of sets. Under the equivalence between species of structures and symmetric
sequences, the substitution operation of species of structures corresponds to the substitution monoidal
structure on symmetric sequences defined in [Kel05], which is of interest since monoids with respect to it
are precisely symmetric operads [BV73, May72].
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In [MMO8], Maia and Méndez introduced a new operation on species of structures, baptized arithmetic
product, and provided a combinatorial interpretation for it. Given species F' and G, their arithmetic
product F'[x] G is defined by letting

(FRR)U] = ), Flm]x Blr),
(71'1,71'2)€R[U]

where R[U] denotes a certain set of partitions of U, called rectangles. Independently of the work of Maia
and Méndez, Dwyer and Hess rediscovered this operation’ in the context of symmetric sequences [DH14] in
order to extend the Boardman—Vogt tensor product of symmetric operads [BV73] to operadic bimodules.
For symmetric sequences, the arithmetic product is defined from the product of natural numbers on &
(which is functorial, even if it is not the cartesian product) by Day convolution [Day70], via the coend
formula

(F\® F>)[m] = fml’mz S[m, ma - ma] x Fi[ma] x Fa[ma]. (1)

The connection between the arithmetic product for species in [MMO08] and symmetric sequences in [DH14]
seems to have been first noted by Bremner and Dotsenko in [BD20].

In [DH14], the authors also observed that the arithmetic product of symmetric sequences interacts with
the substitution monoidal structure in an interesting way, in that there is a natural transformation with
components

(G1o F1) M (G 0 Fy) — (G1 K G2) o (F1 X F2) (2)

which are not necessarily invertible. Dwyer and Hess conjectured that this transformation underlies what
is usually called a duoidal or 2-monoidal structure, in which two monoidal structures interact by means
of an interchange law [AM10]. The conjecture was settled positively by the second-named author and
Lopez Franco, who also showed that this duoidal structure is normal, in the sense that the units of the
two monoidal structures essentially coincide. This was done as part of their general study of commutative
operations [GL16], which involves introducing a general notion of commuting tensor product of o-monoids
in a normal duoidal category (V,[x], o). When this notion is instantiated at the normal duoidal category
of symmetric sequences, it re-finds the Boardman—Vogt tensor product P ®py @ of symmetric operads P
and . In particular, to express that the operations of P and ) commute with each other in P ®gyv @
one uses a diagram of the form

PRIQ — 2 (P®svQ)o(P®sv Q) — P®pv Q (3)

which involves both the arithmetic product and the substitution monoidal structures. Furthermore, [FV20]
uses this duoidal structure to establish an enrichment of symmetric operads in symmetric cooperads.

The aim of this paper is to generalise the definition of the arithmetic product, and the key results
concerning it, from symmetric sequences to coloured symmetric sequences: this corresponds to the passage
from symmetric operads to coloured symmetric operads, ¢.e. from the single-object to the many-object
case. We will show that such generalisation not only is possible, but actually determines a new kind of
low-dimensional categorical structure.

The motivation for this work is manifold. First, it is part of a wider research programme aimed at
understanding the structure of the bicategory of coloured symmetric sequences and related bicategories,
with applications to logic and theoretical computer science, ¢f. [CW05, Hyl10]. In particular, it provides
the basis to extend the Garner—Lépez Franco theory of commutativity, to re-find the Boardman—Vogt
tensor product of coloured symmetric operads (c¢f. (3)), and to develop a corresponding tensor product of
bimodules between them, generalising the results of Dwyer and Hess, a project that we leave for future
work. The results presented here are also useful to extend the study of enrichment in [Vas19] to relate
coloured (co)operads and their (co)modules. Finally, we hope that our results may eventually be of interest
in combinatorics, since the arithmetic product of coloured symmetric sequences defined here induces
a corresponding operation on coloured species of structures [FGHWO8], which extends the arithmetic
product of Maia and Méndez to variants of Joyal’s species of structures that are particular instances of
coloured species of structures.

1Dwyelr and Hess called it matrix multiplication. Here we prefer to say arithmetic product in order to avoid potential
confusion with the composition operation of the bicategory of matrices.
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Main results. Whereas the original arithmetic product is extra structure on the substitution monoidal
category of symmetric sequences, our generalised arithmetic product for coloured symmetric sequences
will be extra structure on the bicategory Sym of coloured symmetric sequences of [FGHWO8]. Recall that,
for sets X and Y, an (X,Y)-coloured symmetric sequence is a functor M: SY°P x X — Set, where SY
is the free symmetric strict monoidal category on Y. Such a functor M assigns a set M (¥, z) to each
7= (y1,.--,yn) € SY and z € X, the elements of which can be thought of as operations f: y1,...,y, — x,
with inputs of sorts yi,...,y, and output of sort x, typically pictured as corollas. Taking X =Y =1
recovers the notion of ordinary symmetric sequence since S1 = &; and as shown in [Fio05, FGHWO08],
the calculus of symmetric sequences can be extended to their coloured counterparts. In particular, the
substitution monoidal structure can be generalised to a composition operation, which is the composition
of the bicategory Sym whose objects are sets, and whose maps from X to Y are the symmetric (X,Y)-
coloured sequences [FGHWO08, FGHW18]. The monads in this bicategory are then symmetric coloured
operads [BD9S].

Given an (X1, Y7)-coloured symmetric sequence M and a (X2, Y3)-coloured symmetric sequence Mo,
we will define their arithmetic product as the (X; x X5,Y; x Y3)-coloured symmetric sequence M [x] My
given by

gt 72esSy
(M B Ma)(7, (21, 22)) = f S(YVi x V)i, @ge] x Ma(fh,21) x Ma(onza), ()

where
X1: SYl X SYQ - S(Y1 X YQ) (5)

is an operation determined by lexicographic ordering of pairs. As expected, when X; =Y, = Xo =Y, =1,
we obtain the arithmetic product in (1) of Dwyer and Hess.

Our main result, Theorem 10.9, asserts that the said arithmetic product determines a normal oplax
monoidal structure on the bicategory Sym of coloured symmetric sequences. The notion of a normal
oplax monoidal bicategory appears to be novel and is introduced here in Definition 4.8 as the natural
‘many-object’ generalisation of the normal duoidal structure in (2). The key challenge to be overcome to
obtain our main result is the verification of the axioms for a normal oplax monoidal bicategory, which are
of the same daunting complexity as those for a monoidal bicategory [GPS95, Gurl3]. As such, attempting
a direct verification seems hopelessly complicated and unlikely to result in any insight. Instead, we solve
the problem developing ideas of 2-dimensional monad theory [BKP89], obtaining some general results
that are of independent interest.

Our approach exploits crucially the notion of a (pseudo) double category, which adeptly handles the
bookwork around dealing with structures involving two kinds of morphisms. More specifically, in a double
category one has objects, two kinds of 1-cells (called horizontal and vertical), and squares (which help to
relate horizontal and vertical 1-cells). Of key importance for our development are the double category of
profunctors Prof, which has categories as objects, profunctors [Bén73, Bén00] (also known as distributors
or bimodules) as horizontal 1-cells and functors as vertical 1-cells; and the double category of matrices
Mat, which is the full double subcategory of Prof spanned by sets (viewed as discrete categories).

Double categories are important for us because they provide an efficient way of constructing three-
dimensional structures such as monoidal bicategories and, as we shall see, their oplax variants. The
basic insight, as explained in [GG09, Shul0, HS19], is that, in order to obtain a monoidal structure
on a bicategory &, it is sufficient to represent £ as the horizontal bicategory of a double category and
then construct a monoidal structure on this double category. Since the coherence data and axioms for
a monoidal double category are of the same character as those of a monoidal category, rather than
a monoidal bicategory, this significantly reduces the volume and complexity of the checks required to
establish the structure.

The relevance of this to our situation is that the bicategory of coloured symmetric sequences Sym
can be represented as the horizontal bicategory of a double category Sym in which vertical 1-cells are
functions between sets. In fact, building on [CS10, FGHW18], this Sym can be seen as a full sub-double
category (on the discrete objects) of the double category CatSym of categorical symmetric sequences;
which can, in turn, be constructed as the Kleisli double category of a double monad on the double category
Prof of profunctors. The double monad in question maps a category X to its symmetric strict monoidal
completion SX, extending the corresponding 2-monad on the 2-category of categories.

Given the above, the desired normal oplax monoidal structure on the bicategory of coloured symmetric
sequences can be obtained as follows. Firstly (Theorem 4.10), we extend the results of [GG09, Shul0, HS19]



4 N. GAMBINO, R. GARNER, AND C. VASILAKOPOULOU

to establish that such a structure can be obtained from a normal oplax monoidal structure on Sym, or more
generally, CatSym. Secondly, to obtain this, we prove and apply a result (Theorem 9.4) which isolates
sufficient conditions on a double monad 7" on a double category C under which a monoidal structure on C
will extend to an oplax monoidal structure on the Kleisli double category KI(T"). Pleasingly, this condition
on T turns out to be a natural one, namely a suitably adapted form of the pseudo-commutativity of [HP02].
This is satisfied by the 2-monad S used in our application, and indeed, the operation (5) featured in the
definition of the arithmetic product is part of this pseudo-commutative structure on S: Cat — Cat.

Thus, using this result, the monoidal structure on Prof given by the cartesian product of sets extends
to give the arithmetic product oplax monoidal structure on the double category CatSym of categorical
symmetric sequences, which in turn induces the desired oplax monoidal structure on the double category
Sym of coloured symmetric sequences. This general method leads exactly to the formula in (4), which is a
natural generalisation of that in (1).

While our approach offers a clear pathway to prove our main results, and others besides, we still have to
overcome significant technical challenges, dealing with coherence conditions at the double categorical level,
keeping track of strictness and weakness of the structures involved. Roughly speaking, vertical structure
tends to be stricter than horizontal one, but the two are closely related under the assumption that the
double categories under consideration are fibrant, in the sense of [Shu08]. This allows us to induce a lot of
the horizontal, weaker, structure that we need for applications from vertical, stricter, one, that is already
known, thereby keeping some control of the complexity of our calculations.

While it undoubtedly requires more groundwork to set up the abstract approach that we take, the end
result is a modular framework which is easily applicable to other, related situations. For example, although
we shall not do so here, it is entirely straightforward to adapt our results from the setting appropriate
for studying symmetric coloured operads to the setting appropriate for many-sorted algebraic theories:
it is simply a matter of replacing the double monad S for symmetric strict monoidal categories with a
corresponding double monad F' for categories with strictly associative finite products, and verifying that
everything still carries through. In this setting, we obtain an oplax monoidal structure on the appropriate
Kleisli bicategory—which is essentially the bicategory of sifted-cocontinuous functors between presheaf
categories—which extends the duoidal structure on the functor category [F'(1)°P, Set] used in [GL16] to
study the commuting tensor product of single-sorted algebraic theories.

For expository convenience, we outlined our results above for Set-valued coloured symmetric sequences,
but in fact our development will be carried out in a more general enriched context. For any symmetric
monoidal closed cocomplete V there is an analogue of the 2-monad S leading to a bicategory of V-enriched
symmetric sequences. However, to obtain an oplax monoidal structure on this bicategory, we will restrict
to the case where the tensor product of V is in fact cartesian product. The reason for this restriction,
which was also made in [DH14, GL16], is that the 2-monad S is only pseudo-commutative when V is
cartesian, since the structure maps in (5) for this pseudo-commutativity involve a ‘duplication’ of objects
that is not available in the general symmetric monoidal closed setting.

Outline of the paper. Sections 2 and 3 recall the notions of double category, double functor, horizontal
and vertical transformation, and modification. We pay particular attention to companions, leading
to the notion of a special vertical transformation, and establish a few useful lemmas about them.
Sections 4 and 5 focus on monoidal double categories, monoidal double functors, monoidal horizontal and
vertical transformations and monoidal modifications. In particular, we show that, for monoidal double
categories C and D, monoidal double functors between them are the objects of a functor double category
(Proposition 5.6). Section 6 considers monoids in monoidal double categories. We use this notion in
Sections 7 and 8 to define double monads and monoidal double monads and obtain results on them in a
homogeneous manner. To do this, we show that the double category of monoidal double endofunctors
on a monoidal double category admits a monoidal structure, given by composition (Proposition 8.1). In
Section 9, we consider Kleisli double categories and establish sufficient conditions for a double monad
on a monoidal double category to determine a monoidal structure on the Kleisli double category. We
apply these results to coloured symmetric sequences in Section 10, leading up to our main results on the
existence of oplax monoidal structures on the relevant double category (Theorem 10.8) and bicategory
(Theorem 10.9).
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for pointing us to [PR97], which led us to formulate the notion of centrality in Definition 4.7. Gambino
acknowledges that this material is based upon work supported by the US Air Force Office for Scientific
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acknowledges the support of Australian Research Council grants FT160100393 and DP190102432. Vasi-
lakopoulou acknowledges the support of the General Secretariat of Research and Innovation (GSRI) and
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2. DOUBLE CATEGORIES

By double category, we will mean a horizontally weak double category, also known as pseudo double
category; relevant material can be found in [GP99, GP04, Gar06a, HS19].
Definition 2.1 (Double category). A double category C consists of the following data:

e a category Co, whose objects are 0-cells, and whose arrows are vertical 1-cells f: X — X';
e a category Cq, whose objects are horizontal 1-cells M : X — Y, and whose arrows are 2-morphisms

fl e lg (6)

two functors s, t: C; — Cg called source and target respectively;
composition and identity functors o: C; x¢, C; — C;1 and id: Cy — Cy;
natural families of globular isomorphisms in Cj:

apyNp: (MoN)oP=Mo(NoP), {ly:idyoM=M and ry:Moidx = M. (7)

These data are required to satisfy coherence axioms analogous to those for a bicategory; see [GP99, §7.1].

In the last item of the preceding definition, we use the notion of a globular 2-morphism in a double
category C; this is a 2-morphism ¢ for which s(¢) and t(¢) are identities:

X M., x

| v |

X ——Y.
M/

Given a double category C, we write H(C) for the its horizontal bicategory, comprising the 0-cells,
horizontal 1-cells and globular 2-morphisms; and we write V(C) for its vertical 2-category, whose objects
and morphisms are the 0-cells and vertical 1-cells of C, and where a 2-cell f = g is a 2-morphism in C of
the form

X 24, x

9i (2 J{f
X/ —_—t X/.
id 5/
Notice that vertical composition of 2-cells in V(C) is given by pasting in the horizontal direction in C,
and vice versa.

Ezample 2.2 (Bicategories and monoidal categories as double categories). Any bicategory can be seen as a
double category with only identity vertical arrows. In particular, any monoidal category (V,o,J) can be
regarded as a double category with a single object and only the identity vertical arrow.

FEzample 2.3 (The double category of matrices). Fix a monoidal category (V, o, J) with small coproducts,
such that the tensor product preserves coproducts in each variable; in particular, this holds whenever
the monoidal structure is closed. Given sets X and Y, an (X,Y)-matriz M: X — Y is a family of
objects (M(y, x)eV:zeX,ye Y). The double category of V-matrices Maty has objects and vertical
1-cells being sets and functions, respectively; horizontal 1-cells M : X — Y being (X, Y)-matrices; and
2-morphisms ¢: M = N as in (6) being families of V-arrows (¢y,: M(y,xz) — N(gy, fz):z € X,y€Y).
Horizontal composition N o M: X —— Y —— Z is given by

(N o M)(z,2) = Y N(zy) o My, ),

yey
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while the horizontal identities idx : X — X are defined by idx(z,2') = J if z = 2’ and idx(z,2') =0
if x # a’. The horizontal bicategory of this double category is the usual bicategory of enriched matrices;
see [BCSW83].

The choice of a different notation for Example 2.4 below is needed in view of Example 4.5.

Ezample 2.4 (The double category of profunctors). Fix a braided monoidal cocomplete category (V,®,I) in
which the tensor product preserves colimits in each variable. Below, we use freely the standard notions of V-
category, V-functor and V-natural transformation, for which we invite readers to refer to [Kel82]. Recall
that, for small V-categories X and Y, a (Y, X)-profunctor M: X — Y is a V-functor M: YP® X — V.
We may now define the double category Profy, of V-profunctors as follows. The objects and vertical 1-cells
of Profy, are small V-categories and V-functors; the horizontal 1-cells are V-profunctors, and squares as
in (6) (writing now F and G instead of f and g) are V-natural transformations ¢: M = M’ (G® F),

where

Yyor @ X SO, yrr g x My,

Horizontal composition of M: X —— Y and N: Y —— Z is given by the coend

yeyY
(N0 M)(z,x) = N(z,y) ® M(y, z). (8)

The horizontal identity idx: X — X is defined by idx(z’,2) = X[2/,z]°. Note that Maty can be
regarded as a sub-double category of Profy, by considering sets as discrete V-categories. The horizontal
bicategory of Profy, is the familiar bicategory of profunctors, while the vertical 2-category is the 2-category
of small V-categories.

The examples illustrate a phenomenon that pervades the paper: the vertical structure is strict, while
the horizontal structure is weaker, and thus requires careful consideration of coherence issues. The
management of these coherence issues is simplified when the horizontal and vertical structures can be
universally related in the following way.

Definition 2.5. Let C be a double category. A companion for a vertical 1-cell f: X — X’ in C is given
by a horizontal 1-cell f: X — X’ along with 2-morphisms

x L x X 4, x
l H and H Ups lf 9)
X —— X’
ldX/ f
such that
idx idx 7 p
X —F— X X —F/— X —— X
H Upz if H lf Vo1 H x 24,y Ly
X X/ idf and X - X/ d H Ir H (10)
1 x/!
fl Ip1 H H ye H X —— X'
f
X — X’ X —— s X/
id xr f

Although companions are defined algebraically, they also have a universal characterisation:

Lemma 2.6. Let f: X — X' be vertical 1-cell of a double category C. Giving a companion (f,pl,pg) for
[ is equivalent to giving either of the following:

o A horizontal 1-cell f and 2-morphism py as in (9) such that, for every horizontal 1-cell M : X' — Y,
the composite 2-morphism to the left below is cartesian with respect to (s,t): C; — Co x Cq; or

e A horizontal 1-cell f and 2-morphism ps as in (9) such that, for every horizontal 1-cell M : W —— X,
the composite 2-morphism to the right below is opcartesian with respect to (s,t): C; — Cp x Cp:

2We use brackets for hom-objects of categories, and parentheses for applications of (pro)functors and other maps.
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i

X A x My w—>M8 X
l | | e
ldx’ X/ M Y, W M X idx X

H o [
/

By virtue of this result, companions of a vertical 1-cell are unique up to a unique globular 2-isomorphism,
so that by the usual abuse of notation we may refer simply to the companion. In what follows we will often
require the existence of certain companions, but in many examples of interest we have all companions
and also all conjoints—the dual notion to companion, which associates to a vertical 1-cell f: X — X’
a horizontal 1-cell fY : X! —> X along with unit and counit 2-morphisms. In this case, we may speak of
a framed bicategory in the sense of [Shu08] or fibrant double category in other references. By the above
lemma and an appropriate dual lemma for conjoints, a double category is a framed bicategory if and only
if (s,t): C; — Cy x Cy is a Grothendieck fibration, or equivalently, a Grothendieck opfibration.

Ezxample 2.7. The double category Profy, of V-profunctors is a fibrant double category. The companion
and conjoint of a V-functor F': X — X’ are the V-profunctors F': X —— X’ and F': X' — X given by

F(z',z) = X'[¢/,Fz] and F(z,2') = X'[Fz,z']. (11)
It follows a fortiori that the double category Matv of matrices is also fibrant, where for a function f: X —
X'’ its companion and conjoint f X — X’ and f X’ — X are the V-matrices given by:

' a) = Floa') = {I if fle) =

0 otherwise.

Note that, in these examples, we have that F 4 F and f — f in the horizontal bicategory. In fact, it is
always true that the companion and conjoint of a vertical 1-cell are adjoint in this way.

The universality of companions in Lemma 2.6 immediately implies the following omnibus proposition.

Proposition 2.8. Let C be a double category.
(i) The vertical identity 1-cell 1x: X — X has the horizontal identity idx : X —— X as a companion.
(ii) If the vertical 1-cells f: X — X' and g: X' — X" have the companions f and g, then go f has
the companion § o ]?
(#ii) If the vertical 1-cells f: X — X' and g: Y — Y’ admit companions, then pasting with the
companion 2-morphisms for f and g gives a bijection between 2-morphisms ¢ as in (6) and
globular 2-morphisms

X%—>Y%—>Y’

| e 1

X —— X — Y.
7 M

Ij f and g are invertible in Cy, then under this correspondence ¢ is invertible in Cq if and only if
¢ 1s.

(iv) If V(C) denotes the locally full sub-2-category of V(C) with the same objects, and as morphisms
just those the vertical 1-cells which admit companions, then taking companions underlies an
identity-on-objects homomorphism of bicategories V(C)' — H(C).

(v) If f: X — X' is a vertical 1-isomorphism in C and both f and f- L admit companions, then f 18
an equivalence in H(C) with pseudoinverse f-1; fi,

(vi) If ¢: f = g is an invertible 2-cell in V(C), and f and g admit companions, then ¢ is an invertible
globular 2-morphism f:> g in C.

3. MAPS OF DOUBLE CATEGORIES

In this section, we recall the various kinds of maps existing between double categories, starting with
the notions of double functor and oplax double functor. In most of the paper we will work with double
functors, which preserve composition and identities up to isomorphism. However, we will also need oplax
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double functors, which preserve composition and identities only up to a non-invertible 2-cell, in one
important situation, namely when we define oplax monoidal structure in Definition 4.1.

Definition 3.1 (Oplax double functor, double functor). Let C and D be double categories. An oplaz
double functor F: C — D consists of the following data:

e two ordinary functors Fjy: Cy — Dy, F: C; — Dy, denoted by the same letter F' below, such that
sFy = Fys and tF; = Fjt, as displayed in:

X M,y Fx M, Fy
fJ{ l — Ffl VP iF"
X’ i Y’ FX' v FY’;

e two natural transformations with components

F(NoM) FX F(idx) FX
| e | e | w
FXwFYwFZ FXTFX.

These data are required to satisfy coherence conditions similar to those for an oplax functor between
bicategories, one regarding associativity and two for unitality; see [GP99, §7.2].

A (pseudo) double functor F': C — D is an oplax double functor for which the 2-cells {37, v and Ex are
invertible.

Lemma 3.2. Let F': C — D be an oplax (pseudo) double functor. Then F induces an oplaz (pseudo)
functor of bicategories H(F): H(C) — H(D). This assignment extends to an ordinary functor from the
category of double categories and oplax (pseudo) double functors to the category of bicategories and oplax
(pseudo) functors.

Proof. This follows from the definition, and is an oplax analogue of [HS19, Theorem 4.1]. Recall that
functors of double categories and bicategories compose strictly associatively. O

Lemma 3.3. Let F: C — D be a double functor and f: X — X' a vertical 1-cell of C. Assume that f
admits a companion | with structure cells p1,ps. Then then vertical 1-cell Ff: FX — FX' of D admits
the companion F'f via the structure cells

rFx 5 rx FX X, px
ri| arn | | e H
FX/ F(ldxl FX/ and FX F(ldx)
H Ve H H VFps lFf
FX — FX'. FX' —— FX'.
ldFX’ ldFX’

In future, we will tend to suppress the unit coherence cells £ appearing above, and simply write F'p;
and F'py for these pasting composites.

Since a double category has two kinds of 1-cell, vertical and horizontal, there are two kinds of natural
transformations between double functors, vertical and horizontal, depending on the directions of their
components. For our applications, it is the horizontal transformations, recalled in Definition 3.4, which
will be most important, since these induce structure on the horizontal bicategory. However, the vertical
transformations, recalled in Definition 3.5, are simpler to construct and work with, and so fundamental to
our development will be the possibility of turning a vertical natural transformation into a horizontal one
in the presence of well-behaved companions. The precise conditions needed are isolated in the the notion
of a special vertical transformation (Definition 3.6), and are justified in Proposition 3.10, where we show
that the special vertical transformations are exactly the vertical 1-cells of the functor double category
(Proposition 3.9) which admit companions.

The following definition can be found e.g. in [Gar0O6b, §2.4] or [GP99, §7.4] under the name ‘strong
vertical transformation’.
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Definition 3.4 (Horizontal transformation). Let F,G: C — D be oplax double functors. A horizontal
transformation 5: F = G consists of

e horizontal 1-cell components Sx: FX —— GX in D for each object X € C;

e 2-morphism components

Fx %, 6x

Ffl V67 lcf

FX' 5 GX'
XI

in D for each vertical 1-cell f: X — X’ in C;
e invertible globular coherence 2-morphisms

FX M, py P, qy
H IBm H
FX 5 GX i GY

in D for each horizontal 1-cell M: X —— Y in C.

These data are required to satisfy, firstly, the two axioms

FX 2 ax FX %, ax

el s e FX %%, ax FX %5, ax

FX' P ax' = Fan| U8 |cep and F“’”H Uiy HGux) = H oy H (14)
Fo| o us o FX —— FX FX —— GX

FXxX" W GX" FX’ 7}(/—> GX"

expressing that §_y: Co — Dy is a functor; then the axiom

FX M, py P, gy FX M, py P, qy
[

H B VF¢ ng 18g ng
FX ——GX —— QY = FX —— FY' —— GY’ (15)
Bx GM FM' By
Ffl 18y le 1Go lGQ H VB H
FX' —— GX' —— GY’ FX' —— GX' —— GY’
Bxr GM Bxr GM'

expressing that the 2-morphisms (), are components of a natural transformation; and finally, the axioms

F(NoM) Bz

FX FZ G7
H Vearn H H Fx — FOM gy Pz, qg
FX am FY = FZ 7 GZ H UBNom H
H H v H - X B GX G(NoM) GZ
FX —p FY —— GY —4p G2 H H Yomw H
H VBar H | rx GX QY —— GZ

Bx GM GN

FXWGX e, GY N GZ
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rx B py B ox
H 1B H Pldx) py Px
FX —— GX = GX H ex H H
Bx G(idx)
H | ve | = oPx o X
FX — GX —— GX H H
Bx idgx
H H FX g GX
A
B GX

expressing compatibility of 8 with the double structure of F' and G.

The following definition can be found e.g. in [Gar06b, §2.3] or [HS19, Definition 2.8] under the name
‘tight transformation’.

Definition 3.5 (Vertical transformation). Let F,F': C — D be oplax double functors. A wvertical
transformation o: F = F' consists of the following data:

e vertical 1-cell components ox: FX — F'X in D for each object X € C;
e 2-morphism components

FX M, py
UXJ/ lom J{UY (16)
F'X —— F'Y
F'M
in D for each horizontal 1-cell M: X -+ Y in C.

These data are required to satisfy, firstly, the axiom

FX M, py FX LM_> FY
‘TXJ/ UUM J{UY FfJ/ J/Fg
Fx EM, pry = pxr EM py (17)

F’fl VF'¢ lFIQ UX’\L Lo l"y’

F'X' —— F'Y’ F'X' ——s F'Y’
F'M F'M

expressing that we have two ordinary natural transformations Fy = Fjj and F; = F7; then the axiom

F(NoM) FZ FX F(NoM) FZ
H Ve, N H UXJ{ bonom J{UZ
ML ry NS Pz = PX ! F'Z (18)
[ F'(NoM)
UXJ{ lom Ui’ lon J{UZ ‘ VEm, N
F'X —— F'Y —— F'Z F'X —— F'Y —— F'Z
F'M F'N F'M F'N
expressing compatibility with horizontal composition; and finally, the axiom
Fx P py px DO gy
H o | ex] o [
S FX S F'X s FIX (19)
(ldx)
le Jids lﬂx ‘ IEx ‘

F'X —— F'X F'X ——— F'X

ldF/X dF’X
expressing compatibility with horizontal identities.
It is easy to see that a horizontal transformation 3: F' = F’ between double functors induces a pseudo-

natural transformation H(3): H(F) = H(F') between the associated homomorphisms of bicategories. On
the other hand, from a vertical transformation o: F' = F’, there is no direct way of inducing anything
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H(F) = H(F"). However, there is an indirect way of doing so, if we can first turn the vertical transforma-
tion o: F' = F’ into a horizontal one ¢: F' == F’. The following definition isolates the properties required
of ¢ for this to be possible.

Definition 3.6 (Special vertical transformation). Let o: F = F’ be a vertical transformation between
oplax double functors C — ID. We say that o is special if for every X € C, the vertical 1-cell component
ox: FX — F'X has a companion 6y : FX — F'X in D, and the companion transposes

FX EM, py %, pry
\ (20)

VoM

FX —— F'X —— F'Y
ox F'M

of the 2-morphism components (16) of o are invertible.

A special vertical transformation was called a transformation with loosely strong companions in [HS19,
Definition 4.10], characterised precisely by the following proposition; when considered in the setting of
fibrant categories, it was called a horizontally strong transformation in [CS10, Definition A.4].

Proposition 3.7. Let o: F = F’ be a special vertical transformation between oplax double functors. The
companion 1-cells 6x : FX — F'X are the horizontal 1-cell components of a horizontal transformation
o: F = F', whose 2-morphism components Gy are the companion transposes of the equalities of vertical
l-cellsox o Ff = F'foox asin:

FX -5, F'X

Ffl oy lF/f

FX' —— F'X'
g x/

and whose globular coherence 2-morphisms are given by (20). In particular, o induces a pseudonatural
transformation H(6): H(F) = H(F') between the induced oplax functors of horizontal bicategories.

Proof. The horizontal transformation axioms are a straightforward diagram chase using the universal
property of companions. |

We could now proceed to verify by hand further desirable properties of the construction o — & (for
example, its functoriality); however, this turns out to be unneccessary, as we can in fact characterise & as
a companion for ¢ in a suitable functor double category, and then apply results such as Proposition 2.8.
We first define these functor double categories.

Definition 3.8 (Modification). Let 8: F = G and f': F' = G’ be horizontal transformations and
let 0: F = F’ and 7: G = G’ be vertical transformations between oplax double functors C — D. A

modification

F:[3:>G

Uﬂ lU"Y Hj'
F’ == G’
consists of 2-morphisms
FX -2, 6x
le byvx lTX

F'X —— G'X
B

in D for every object X € C, subject to the naturality axiom:

Fx %, ox FX %, ox
UXJ Uvx JTX Ffl 1By le
FIX ——G'X = FX —— GX'

ﬁx BX’
F’fl V8% lG'f Ux'l by xr J/TX’

F'X —— G'X' F'X —— G'X’
ﬁX/ ﬁX’
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and the following axiom expressing compatibility with 3, 5/, o, 7:

FX M, py P, qy

FX M, py Pr gy
H VB H ”Xl lom UY\L vy l‘ry
FX | GX ! GY = F'X ——FY ———GY
Bx GM F'M By
‘TX\L Jvx "'Xl Imm l"'Y ‘ V8% ‘
F'X ——— GX —— GY F'X ——— GX —— G'Y.
Bx G'M B G'M

Proposition 3.9 (Functor double categories). Let C and D be double categories. There is a double
category DblCat[C, D] (resp., DblCatoplax[C,D]) composed of double functors from C to D (resp., oplax
double functors), vertical transformations, horizontal transformations and modifications.

Proof. Each of the forms of vertical and horizontal composition is given by composing the relevant
component data in the same direction; verifying the axioms is routine. The only point requiring any
further note is that, for composable horizontal transformations 8: F = G and §: G =5 H, the globular
coherence 2-isomorphisms of the composite § o : F' = H are given by

FX M, py _PY s gy v HY
H o H H

FX % ax M, gy % gy O
H H v H

FX B%X GX 6;( HX T HY.

Proposition 3.10. Let o: F = F’ be a vertical transformation between double functors (resp., oplax
double functors). Then o has a companion as a vertical 1-cell in the double category DblCat[C, D] (resp.,
DblCatopiax[C,D]) if and only if it is special in the sense of Definition 3.6.

Proof. 1f o is special, then we have an associated horizontal transformation &: F = F’ via Proposition 3.7.
Moreover, we can define modifications

dr

F =% F' F 29
"ﬂ Ip1 H and H Ip2 ﬂ" (21)
o == o F == I’

1 jald (e

whose component 2-morphisms are those witnessing that each oy is a companion of ox; the modification
axioms of Definition 3.8 are now easily verified, and it is clear that these modifications satisfy the
companion axioms since they do so componentwise.

Suppose conversely that o has a companion in the functor double category, namely a horizontal
transformation & with the modifications witnessing this given as in (21). The components of these
modifications witness that each horizontal 1-cell 5x is a companion for the vertical 1-cell ox. Furthermore,
the second modification axiom for p; ensures that the invertible coherence 2-morphism &, is the companion
transpose of the 2-morphism component ojy; in particular, this says that o is special as required. O

As a sample application of the utility of this result, let us use it to give an efficient proof of:

Proposition 3.11. Let o: F = F': C — D be an invertible vertical transformation between oplaz double
functors. If the 1-cell components of o and ™' have companions, then they induce a horizontal equivalence
o: F = F'" and so a pseudonatural equivalence : H(F) = H(F') between oplaz functors of bicategories.

Proof. Since o is invertible and its components have companions, it is special; likewise, o~! is special. So by
Proposition 3.10, both ¢ and o™! admit companions in DblCatopiax[C, D]. It follows by Proposition 2.8(v)
that ¢ is an equivalence in H(DblCatpax[C, D]) as desired. ]

We conclude this section with a miscellaneous technical lemma concerning components of a vertical
transformation, which will be used in Sections 6, 9 and 10.
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Lemma 3.12. Let o: F = F’ be a vertical transformation and f: X — X' be a vertical 1-cell in C. If f
has a companion f, then the component o is the transpose of the naturality vertical identity as in

FX 4, px M px B px
FX 5 pxr oxl l”x Ffl VFps H
vxl bog lﬂx/ = F'X 45 PX Fx' . Fx’

‘ VF'p2 lF/f “X/l l"X/

F'X —— F'X —— F'X' —— F'X'.
F'f id id

F'X —— F'X'
P

Proof. Tt suffices to show these two 2-morphisms have the same companion transposes, which follows by
the calculation (in which we again suppress unit coherence 2-morphisms for F' and F’):

FX —%— FX FX —% FX
H VFps lFf H VFps lFf FX ¥ Fx
Fx T pxe Fx L pxt | |¥s
axl Vo; lax’ = Ffl VP H = Fx’ FX'
F'X T?) F'X' FX' e FX' "Xl l"X’
L IR Y] [ P L SR ) Y
F'X’ — F'X’ F'X’ — F'X’
using naturality of o; the companion axiom (10); and axiom (19) for a vertical transformation. (]

4. MONOIDAL DOUBLE CATEGORIES

The aim of this section is to introduce the notions of monoidal double category and oplax monoidal
double category, and to prove some useful facts about them. Both notions describe double categories
endowed with a monoidal product: the key difference is that in the former case, this tensor product is
a double functor, while in the latter case, it is merely an oplax double functor as in Definition 3.1. In
particular, it should be emphasised that ‘oplax’ only modifies the functoriality of the tensor product,
rather than the nature of the associativity and unit constraints for this tensor, which for us will always be
invertible.

In what follows, we will be concerned with the the question of extending a monoidal structure on a
double category to an oplax monoidal structure on an associated Kleisli double category. Since we need
both notions, we here define them simultaneously.

Definition 4.1 (Oplax monoidal double category, monoidal double category). Let C be a double category.
An oplax monoidal structure on C consists of the following data:

e an oplax double functor ®: C x C — C;
e an oplax double functor I: 1 — C;
e invertible vertical transformations a: ® o (1 X ®) = ® o (® x 1), \: ® o (I x 1) = 1 and
p:®o(1xI)=1
satisfying the usual Mac Lane coherence axioms for o, A and p. Said another way, this structure amounts
to the following:

e monoidal structures (®o, Ip) and (®1,I;) on the categories Cy and Cy;
e strict monoidality of s,t: C; =2 Cy. For example, the associativity constraint for C; has compo-
nents
(M1 @M2)QM
(X1 ® Xz) © Xz 2B (v o vy @ Vs
O‘X1-,X2,X3l banry My, Mg J/OCY1=Y2=Y3 (22)

X1 ®(X2®X3) AT@(MM Y1 ®(Y2®Y3)§
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e globular 2-morphisms

oM, o id x, ®id
X, @ X, — SR, 7,02, X ®X, 7 X @ X,
| b I A
X1®X2WY'1®Y2TI®N—2>Z1®Z2 X1®X2WX1®X27
subject to axioms that make ® into an oplax double functor;
e globular 2-morphisms
Iy SR S Iy Iy - Iy
R 24
IO —_—t IO —t IO IO —_—t IO,
Il 11 ldI0

subject to axioms that make I into an oplax double functor;

e two axioms ensuring that the associativity constraint « is a vertical transformation between oplax
double functors;

e four axioms ensuring that the unit constraints A and p are vertical transformations between oplax
double functors.

The above axioms are written explicitly in Appendix A.1. We have a monoidal double category when the
tensor and unit are specified by double functors, rather than oplax double functors; said another way,
when each of the 2-morphisms in (23) and (24) is invertible.

What we call here an oplax monoidal double category is what is called simply a monoidal double
category in [GP04, §5.5]; it is equally well a pseudomonoid in the cartesian monoidal 2-category of double
categories, oplax double functors and vertical transformations.

Remark 4.2. We defined a monoidal double category to be an oplax monoidal double category satisfying
some additional properties; but these additional properties in fact allow us to simplify the structure
further, as explained in [HS19, Page 8]. Indeed, in a monoidal double category, the monoidal unit I; of C,
is always canonically isomorphic to idz, via ¢; and it does no harm to assume that, in fact, I; is id;, and
v is the identity 2-morphism—which in turn forces 6 = fiq,, = riq,, for the globular isomorphisms (7)
for horizontal identities in C. As such, if in specifying a monoidal double category we follow these
conventions, then we need only provide the invertible structure 2-morphisms 7 and 7 satisfying the
appropriate coherence axioms. By contrast, in an oplax monoidal double category, none of the data are
redundant: indeed, ¢ and ¢ as in (24) now specify a comonad structure on I; in H(C), see (78).

Moreover, notice that just as a double category is an internal pseudocategory in the 2-category of small
categories, functors and natural transformations, a monoidal double category is an internal pseudocategory
in the 2-category of monoidal categories, lax monoidal functors and monoidal transformations for which
the source and target functors are strict monoidal.

As mentioned in the introduction, the notion of oplax monoidal structure will be exploited in future
work in order to provide a general notion of commuting tensor product, generalising the theory of [GL16],
which will in particular recover the Boardman—Vogt tensor product of symmetric coloured operads and its
extension to operadic bimodules in [DH14]. For these applications, it will be important that the oplax
monoidal structure is normal in the sense of the following definition.

Definition 4.3 (Normal oplax monoidal double category). An oplax monoidal double category C is said
to be normal if:

(i) I: 1 — Cis a (pseudo) double functor;
(ii) for all objects X1, Xs € C, the following restricted oplax double functors are (pseudo) double
functors:

X10():Cx1xCX5CcxCSC and ()®X:CxCx1 2, cxcScC  (25)

Said another way, both 2-morphisms ¢ and ¢ in (24) are invertible; while in (23), n is invertible, and
each 7 for which M; = Ny =idx, or My = Ny = idx, is also invertible.

We give now some examples of monoidal double categories and oplax monoidal double categories. The
example of profunctors in Example 4.6 will be fundamental for our application in Section 10.
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Ezample 4.4 (Duoidal categories). Recall from Example 2.2 that a monoidal category (V, o, J) is the same
thing as a double category with a single object and only identity vertical arrow. To equip this double
category with an oplax monoidal structure in the sense of Definition 4.1 is the same thing as equipping V
with additional structure making it into a duoidal category [AM10]. Explicitly, this amounts to providing
a second monoidal structure (®, ) on V), along with maps

E:Y10X1)®(Ya0Xs) = (Y1®Y2) o (X1 ®X9),
wJ®J — J, v: I —>Tol, vil—J,

satisfying appropriate axioms. Here, the interchange law £ corresponds to the square 7 in (23).

This oplax monoidal structure is a genuine monoidal structure whenever all of &, u, v and v are
invertible. In this case, by the Eckmann—Hilton argument, the identity functor underlies a monoidal
isomorphism (V,®,I) — (V,0,J), and the two isomorphic monoidal structures are each braided. Loosely,
then, we may say that in this situation, V ‘is’ a braided monoidal category. In particular, if we merely
start with a braided monoidal category (V,®,I), then it becomes duoidal on taking o = ®, J = I, v = id,
w=rr,v=r7, and £ the canonical constraint built from associativity and braiding maps.

Returning to the general situation, the oplax monoidal structure on V qua double category is normal
if, and only if, the duoidal structure on V is normal meaning that v, v and u are all invertible. The
only non-obvious point is that V being normal duoidal implies Definition 4.3(ii); but this latter condition
amounts to the invertibility of € when X; =Y; = J or Xs = Y5 = J, and these follow from the oplax
monoidality of the unit constraints for ®. The notion of normal duoidal category as an enrichment base
was central to the theory of commuting tensor products developed in [GL16], and in future work, we will
see that normal oplax monoidal double categories are a suitable setting for a generalisation of that theory.

Ezample 4.5 (Oplax monoidal structure on Maty). Recall from Example 2.3 that, for a monoidal
category (V,o,J) in which the tensor product preserves coproducts in each variable, we have a double
category Maty of V-matrices. If V is further equipped with a second monoidal structure (®,I) which
also preserves coproducts in each variable, and data as above making it into a duoidal category, then
Maty, acquires an oplax monoidal structure. The tensor product is given by the cartesian product of
sets and functions on the vertical level, and for V-matrices M;: X; — Y7 and Ms: X5 — Y5 the tensor
M ® My: X1 x Xo —— Y7 x Y5 defined by letting

(My ® M2)((y1,y2), (z1,72)) = M1(y1, 1) @ Ma(yz2, 72).

The monoidal unit is /: 1 —— 1 with unique component I, . = I. The structure cells (23) and (24)
are formed using the duoidal structure maps, with the most complex case being that the 2-morphism
7: (N1 o Mp)® (N2 o My) — (N1 ® Na) o (M ® M) has components:

(X, Ni(z1,91) 0 My(y1,21)) ® (2, Na(22,92) © Ma(ya, x2))

|=

s e (N1(21,91) © Mi(y1,21)) ® (Na(z2,92) © Ma(ya, 2))
[
D (N1(21,91) ® Na(22,42)) © (Mi(y1, 1) ® Ma(ya, 2)).

It is not hard to see that this oplax monoidal structure is normal precisely when V is normal as a duoidal
category in the sense of the preceding example, and that it is genuinely monoidal just when the duoidal
structure of V comes from a braided monoidal structure.

Ezample 4.6 (Monoidal structure on Profy). Let V be a braided monoidal category in which the tensor
product preserves colimits in each variable and recall the double category Profy, of Example 2.4. This
double category admits a monoidal structure extending that of Maty, in the braided case. On objects
and vertical 1-cells, this is simply the monoidal structure of the 2-category Caty. On horizontal 1-cells,
given V-profunctors M;: X; — Y7 and My: Xo —— Y5, the V-profunctor M1 @ My: X1 ® Y, —— Y1 ®Ys
is given by

(M1 @ Ma)((y1,y2) (w1, 22)) = Mi(y1,21) @ Ma(ya, z2), (26)
with a corresponding definition on 2-morphisms. The key structure isomorphism 7 in (23) is formed using
the braiding of the tensor product on V and the fact that it preserves colimits in each variable.
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One can carry out the construction above also when V is merely a duoidal category, thereby extending
Example 4.5, but we shall not need this level of generality for our application in Section 10.

One of the main results of [HS19], building on [Shul0, GG09], is that under suitable assumptions, the
horizontal bicategory of a monoidal double category is a monoidal bicategory in the sense of [GPS95];
see Theorem 1.1 of op. cit. In view of our application in Section 10, we would like a generalisation of
this result which endows the horizontal bicategory of an oplax monoidal double category with an oplax
monoidal structure.

The first obstacle to be faced is the definition of oplax monoidal structure on a bicategory K. As
before, ‘oplax’ refers to the strictness of the tensor product functor, and so we might attempt the following
naive adaptation of the usual notion of monoidal bicategory. Firstly, we would require oplax functors of
bicategories ®: K x L — K and I: 1 — K; then pseudonatural equivalences

]CS ®x1 /C2 j & K2

18| ya l® PLANEand D7 N (27)

giving the associativity and unit constraints; then invertible modifications

K3 ®x1 K2 K3 ®x1 K2

7 N
®X1X7 Jax1 ®x1 \®‘ ®X1X7 IX® la \®‘
v - N

K4 1x®x1 j & o K = )4 = j & ® K (28)

AN
1X1X®\N 1xa 1X®N /‘8

’C3 ICQ
I1xX®

,CS

Ix1x1 ®x1
JAx1

K2 1 j é K2 = K2

A AN
of -l ol stue s

K——"— K K——"— K

ICS
|
lex%x®\®‘><1
+

’C3
|
1><1><7‘®X1\®A><1
N

L N R i BepKC2 Yo K2

o 1N le o i

K———K

A
1X1X®\N /®X1 o /‘8

/C3 /C2
I1x®

]C3
1><I><%X‘®\®‘><1
<+
K241x0K? ja K2
A AN
] e e
7/ N

ICTHC

1><1></‘ ®\

ICTIC

(30)

witnessing the pseudo-coherence of the constraint cells; and, finally, the appropriate coherence axioms for
these pseudo-coherences, as found, for example, in [McC99, §A.1].

The problem with this definition can be seen in (28) above. In the domain of 7 we have, among other
things, the pseudonatural transformation a x 1 whiskered by the oplax functor ®: K2 — K. However, such
a composition does not yield another pseudonatural transformation, nor even a lax or oplax transformation.
So 7 is not well-posed; and similar issues arise for y, L and R in (29) and (30).

We will resolve this issue by imposing a further constraint on the components of the pseudonatural
equivalences «, A, p of (27) which we will term centrality, loosely inspired by the nomenclature of [PRI7].
Centrality of the components of a pseudonatural transformation « will ensure that composites of the
form y®1:=Q®o(yx1)and 1®y :=®o (1 x ) are well-posed pseudonatural transformations; and,
furthermore, that the same pseudonaturality holds for any iterated tensorings such as ((1®+) ®1) ® 1.
Applied to the case of a, A and p, this will ensure that the transformations appearing in (28) to (30), as
well as all of those appearing in the corresponding coherence axioms, make sense.

Definition 4.7. Let K be a bicategory endowed with an oplax functor (®,7,7): K x K — K, an oplax
functor (I,4,¢): 1 —» K and pseudonatural equivalences as in (27). A 1-cell f: X —» Y of K is said to be
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central when for all maps g: X' > X, h: Y > Y’ k: W - W' and £: Z — Z’, the following composite
oplax structure cells are invertible:

(k®(gof))®¢ (kQ(foh))®¢

IT®1, I7®1,
WRX)®Z — (h®g)eldeNet+ (W RYN®Z WX)®Z —(def)ken)et+ (WRY)® Z .

(id®f)®id\) v %@g)@é (k@h)@e\) v /ad®f>®id

WeY)®Z WeX)®Z
(31)

Note that in (31), we consider three-fold tensor products bracketed to the left. We could equally
have chosen to bracket to the right, but this would make no difference, since composing (31) with the
components of a and their pseudoinverses would yield invertibility of the corresponding cells for the other
bracketing.

Now, by taking k = id; or £ = id; in (31), and composing with the components of A or p and their
pseudoinverses, we obtain the invertibility of oplax constraints of the following forms:

(gof)®¢ (foh)®¢ k®(gof) E®(foh)
X®Z v Y®Z XZ It YRZ WX I WY WX 4T WY .
> < O e e i o /1(
f®id Y®Z g®L h®¢ X®Z f®id d®f WeY k®g kE®h W®X d®f

Because of this, if v: F' = G: L — K is a pseudonatural transformation with central components, then
both y® 1 and 1® y will also be pseudonatural; for example, in the case of ¥ ® 1, the pseudonaturality of
the object components vx ®id¢c: FX ® C — GX ® C' is witnessed by the invertible 2-cells

% pyeD
\ UT,I
(vwoF f)®g
Yx®ido Ivr®idg vy ®idp
(Gfoyx)®g

Jr
GX®CG4\L)GY®D.

f®g

FX®C

In a similar way, the general form of (31) implies that (1 ® v) ® 1 is also pseudonatural; note that
this does not seem to follow from the pseudonaturality of 1 ® v and v ® 1. However, once we have
pseudonaturality of (1 ® ) ® 1, we obtain a fortiori that of, say, (1®7) ® (1® 1) and so by composing
with the equivalence components of a, the pseudonaturality of ((1®~) ®1) ® 1. By following this pattern,
we see that any tensoring of v with identity pseudonatural transformations will again be pseudonatural.

In particular, if we require the pseudonatural transformations «, A and p to themselves have central
components, then we see that every 2-cell pasting which appears in the axioms (28) to (30) will be a
well-posed pseudonatural transformation, and likewise for the pastings appearing in the coherence axioms.
Thus, we are justified in giving:

Definition 4.8. Let K be a bicategory. An oplaz monoidal structure on K consists of:

an oplax functor of bicategories ®: KK x K — K;

an oplax homomorphism 7: 1 — K;

pseudonatural equivalences a, A, p as in (27), whose components are central;

invertible modifications m, i, L, R as in (28)—(30);

satisfying the coherence axioms for a monoidal bicategory as found, for example, in [McC99, §A.1]. Like in
Definition 4.3, we say that the oplax monoidal structure on & is normal if I: 1 — K is a homomorphism of
bicategories, and ® is pseudo in each variable, i.e. for each X,Y € K the oplax functors X ® (-): K — K
and () ®Y: K — K are homomorphisms of bicategories.

We now explain how a normal oplax monoidal double category C gives rise to a normal oplax monoidal
bicategory. First of all, the oplax double functor ® and the pseudo double functor I induce functors on
the horizontal bicategory

®: H(C) x H(C) - H(C), I:1—H(C) (32)
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which we denote with the same symbol. Here, as per Lemma 3.2, ® is an oplax functor of bicategories
(which is pseudo in each variable) and I is a homomorphism of bicategories. If now we assume that the
components of the invertible vertical transformations «, A and p associated to the monoidal structure on
C have companions, then they will induce pseudonatural equivalences

a:®0(1x®)=®o0(®x1) 3\:®O(I><1)=>1 Ti1l=®o(1x1I) (33)

between oplax functors of bicategories, according to Proposition 3.11 and since H is functorial. To proceed
further, we need the components of @, X and p to be central. This will be a consequence of the following
lemma. Note that normality of the oplax monoidal structure on C is important for the proof. It is not
clear to us if the corresponding result without it would hold; however, since normality will be present in
our applications, we have not pursued this point any further.

Lemma 4.9. Let C be a normal oplax monoidal double category in which the vertical 1-cells giving
associativity, left and right unit constraints have companions. If f: X — X' is any vertical isomorphism
in C that has a companion, then f: X — X' is central in the horizontal bicategory H(C) with respect to
the structure of (32) and (33).

Proof. We must show that each structure cell (31) as displayed left below, is invertible. Because ® is
pseudo in each variable and f has companion f , it follows that (1 ® f) ® 1 has companion (id ® f ) ®id.
Thus, 7(7 ® 1) as displayed to the left will be invertible just when its companion transpose, as to the
right, is also invertible:

(X®Y)®Z (k®(go/))®e WeU)®V (X®Y)®z F2WH® weryev
H 7 (r®1) H (1®f)®1l I (T®1) H
(X@Y)@Z(imid(X(@Y)@ZW{(W@U)@V (X®Y)®ZW(W®U )V .

We claim that this companion transpose is, in fact, the tensor product in C of the three 2-morphisms
displayed below, and hence invertible:

Xk w Y { Y g Z S SN Ve
((1®f)®1l 1k H ® fl Ip1 H 11, H ) 1o H
X ———— W Y’ - Y’ ; Z — V.

This claim can be verified by pasting both 2-morphisms with (1 ® p2) ® 1 and using the axioms (10)
and naturality of the components of 7. In an analogous way, but pasting with (1 ® pl_l) ® 1 in place of
(1®p2) ®1, we can verify that the other composite structure cell of (31) is also invertible. O

Theorem 4.10. If C is a normal oplax monoidal double category in which the vertical 1-cells giving
associativity, left and right unit constraints have companions, then the horizontal bicategory H(C) inherits
a normal oplax monoidal structure with underlying data (32) and (33).

Proof. Since the pseudonatural transformations @, X and p of (33) have as their components the horizontal
companions of vertical isomorphisms, we can apply Lemma 4.9 to see that these components are all central
in the sense of Definition 4.7. We now need to provide the four invertible modifications of Definition 4.8
for H(C) to have the structure of a normal oplax monoidal bicategory. The components of (28)—(30) are
of the form

(X1 ®X2)® (X3 X4)

(Xi1®X)®X3)®Xs X1®(Xo®(X3® Xy))

%
a®id id®a

(X1 ® (X2 ®X3))® Xy = X1® (X2 ®X3)® Xy)
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(X1 ®1)® X, a X, ®(I® Xa)
(70
ﬁ@k /id@X
X1 ® X,
(X1 ®X2)®1 a X1 Q(X2®N)
IR
ﬁ\ %@ﬁ
X1 ® X,
(I®X1)® X, a I®(X;® Xs)
VL
X@id\ hY
X1 ® Xs

Notice that the two sides in each case are companions of the corresponding sides of the pentagon axiom,
the triangle axiom and two known equations for the ordinary monoidal category Cgy, due to Proposition 2.8
and Lemma 3.3. For example, since ® is a pseudo double functor in each variable, each (-) ® X and
Y ® (—) preserves companions thus & ® idx is canonically a companion of a ® 1x. As a result, we take
m, p, L, R to be the unique isomorphisms between companions of the same vertical 1-cells. It can then be
verified that these invertible cells form a modification between pseudonatural transformations of oplax
double functors by [Shul0, Lemma 4.8]°.

Finally, the three equations that relate those m,u, L, R can be checked in exactly the same way
as in the proof of [ShulO, Theorem 5.1]. In more detail, the domain and codomain of the pasted
2-cells involved in the equations are companions of the same isomorphism in Cy, namely the unique
(X1®X2)®X3)®X4)®Xs 2 X1 ®(Xo®(Xs®(X4®X5))) as well as the associator (X7 ® X2)® X3 =~
X1 ® (X2 ® X3). Using a collection of technical lemmas [ShulO, Lemma 3.11, 3.14, 3.15, 3.19, 4.10]
concerning the composition as well as the tensoring of the unique isomorphisms between companions (the
latter adjusted in the normal oplax monoidal case in a straightforward way), we deduce that there can
only be a unique invertible 2-cell inside each one of the diagrams, hence the equations must hold. O

5. MAPS OF MONOIDAL DOUBLE CATEGORIES

For our development in Sections 7 and 8, we will need results concerning both double monads and
pseudomonoidal double monads. It turns out that many of these results can be proved uniformly across
the two cases, by exhibiting both kind of structure as monoids in suitable endofunctor double categories.
This is much as ordinary monads and monoidal monads can be seen as monoids in appropriate endofunctor
categories. In order to do this for the case of pseudomonoidal double monads, we need to construct a
suitable double category of (lax) monoidal double functors and monoidal transformations. While the
notions of lax monoidal double functor and monoidal horizontal transformation (recalled in Definition 5.1
and Definition 5.2 below) are as expected, it turns out that in our motivating examples, the vertical
transformations which we need are not monoidal in the obvious way but only pseudomonoidal. While this
may seem an innocuous change, it adds an additional layer of subtlety to our development, very much in
analogy with what happens in the purely 2-categorical setting [HP02].

We being with the notion of lax monoidal double functor. If we view monoidal double categories as
pseudomonoids in a 2-category of double categories, double functors and vertical transformations, then
the lax monoidal functors are simply the lax morphisms of pseudomonoids. This definition can also be
found in [HS19, Definition 2.14], although with the orientations of the (invertible) T and 7 reversed.

Definition 5.1 (Lax monoidal double functor). Let C and I be monoidal double categories. A laz
monoidal double functor F: C — D is a (pseudo) double functor equipped with:

3Although the cited result refers to vertical transformations between pseudo double functors, the proof is identical in the
oplax setting.
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e a vertical transformation F?: ® o (F x F) = F o®, whose vertical 1-cell components we denote
by F§(17X2 : FX1® FXy - F(X; ® X2), and whose 2-morphism components we denote by:

FX, Q@ FX, TMIN, by @ FY,

S| VP [Pt (34)
F(X1 ®X2) W F(Yl ®Y2)

e a vertical transformation F°: Iy = F o I¢, whose vertical 1-cell component is F°: I — FI and
whose 2-morphism component is:

Fol v lFo (35)

subject to axioms expressing that the vertical 1-cells F5 x,: FX;®@FXy; — F(X,®X,) and FO: [ — FI
endow Fp: Cop — Dy with the structure of a lax monoidal functor, and that the 2-morphisms of (34)
and (35) do the same for F;: Cy — Dy.

The reader will notice that we have not named the 2-morphism in (35). This is because its definition
is forced: for indeed, since F° is a vertical transformation between double functors, the axiom (18)
causes (35) to be equal to idpo followed by the unit structure isomorphism of F'.

We now turn to monoidal transformations between lax monoidal double functors. We begin with the
horizontal case, which is as expected, though we could not find it in the literature.

Definition 5.2 (Monoidal horizontal transformation). Let F,G: C — D be lax monoidal double functors.
A monoidal horizontal transformation B: F == G is a horizontal transformation endowed with cells

Bx,®B .
FX1®FXo 572, GX, ® GX, —
qu,x{ V8%, .x» lGi,;@ and Fol 48° lGO (36)
F(X;® X)) —+—— G(X; ® X2) FI ———— GI

Bx1®Xs Br

which, firstly, make 3 ): Co — Dy into a lax monoidal functor; in other words, such that the naturality
condition

®
FX, @ FX, 287 ax @ GX, FX, @ FX, 9% ax, @ GX,
Fxl,le Uﬁxl,x2 lG§(1~X2 Ff®Fgl 18r®Bg lcf®Gg
Bxi®@x . , ﬁ /®ﬁ
F(X1 ®X2) 4*4 G(X1®X2) - FXI ®FX2 GX1®GX2
F(780)| VBre0 |oven  F s W [T
(X1®X2)H—>G(X1®X2) (X1®X2)H—>G(X1®X2)

is satisfied, along with the usual associativity and unitality conditions, identifying the two evident 2-

morphisms (8x, ® Bx,) ® Bx; 3 Bx,@(x.0x,), the two 2-morphisms Sx, ® id; = Bx,@r and the two
2-morphisms id; ® Sx, = Brgx,. We moreover require the equality of the pastings:

FM®FN By @Bw FM®FN By, @By,

FX|Q@FXy —F— FY| ® F'Y, —— GY>, ® GY3 FX1QFX, —F—FY1® FYs —— GY1 ® GY,
\
F?(,zl 12378Y F‘Q/iyz V8% v, lch,yz IBM®BN
®N B
FX X)) M ryi o) 2% cviev,) - FX1 ® FX5—i GX1 ® GXy o GY1 @ GY;
Bx,®Bx, ‘ GM®GN
VBuen Fil,x{ 8%, x5 Giixz 1G3, N Jciﬂz
X1 ®X2 H—) G(X1 ®X2) 4|—> G(H @)fz F(X1 ®X2) —t— G(X1 ®X2) —t— G(Y1 ®Y2)
Bx1@xX, G(M Bx,®xs G(M®N)
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expressing that the natural transformation giving the globular cell components of 3 is a monoidal natural
transformation. (Note that the ‘nullary’ axiom corresponding to this ‘binary’ axiom holds automatically
and need not be stated explicitly.)

We now consider monoidality of vertical transformations. Given the view of monoidal double categories
and lax monoidal double functors as pseudomonoids and lax pseudomonoid maps, the obvious thing to
consider would be the corresponding transformations of pseudomonoids, and this would yield the notion of
monoidal vertical transformation considered in [HS19, Definition 2.15]. However, we will need something
slightly more general for our applications (¢f. Remark 5.4), which we will term a pseudomonoidal vertical
transformation. The difference can be appreciated by noting that the monoidal vertical transformations
of loc. cit. reduce to a Cat-enriched monoidal transformation on the vertical 2-category, while our
transformations only yield a monoidal pseudonatural transformation in the sense of [DS97, Definition 3].

Definition 5.3 (Pseudomonoidal vertical transformation). Let F', F': C — D be lax monoidal double
functors. A pseudomonoidal vertical transformation o: F = F’ is a vertical transformation equipped with
squares

I — .

FX,®FXy —%& » FX, Q@ FX,
Fi’yl J{ffx1®0x2 FOJ
F(X1®X3) Yok, x, Fyx, ®F'X and FI 4e®  |ro (37)

2
o—x1®X2J( J{FXI Xo GIJ{

F'(Xi®Xs) ——— FI(X;®X
(X1 ® Xa) —— F'(X1®X») P

which are invertible in the vertical 2-category V(D) and satisfying the following five coherence axioms:

FX, @ FX, "M py, @ FY, —%— FY, @ FY, FX,®@FX, —%& FX, @ FX, ™% py, @ FY,
\ \ | \ \ \
F)2(1.x2 UFI%LN szfl‘yz 7y, @0y, F)2<1.x2 ox;80x,  lom®on 7y, @0y,
4 4 4
F(Xl‘@@Xg) Fm F(Yl‘G@Yg) Jo? F’Yl(?F’YQ = F(X1‘®X2) Jo? F’Xl(?FIXQFWNF/Yl(?F/Yé (38)
TX1®X2 bomen TY1®Y2 F{/Ql.yz TX1®@X> Fgl,xz VFd N F)”21.Y2
+ { + +
F/(Xl ®X2)FW)F/(Y1 ®Y2) 4](_10—} F/(Yl ®Y2) F/(Xl ®X2) 4‘(01—> F/(Xl ®X2)7m}®—1\]>) F/(Yl ®Y2).

FX,®FX, — %5 FX,® FX,
Ff®Fgl lFf®Fy
FX|®@FX), —%— FX!®F}

F2

T 5! T 1
Xi,Xél l X1® X2

FX|®X}) 12 FX{QFX),

- 2
x@xél lFx{.xé

F/(X} ® X3) —— F/(X] ® X})

Vidrerg

FX,Q@FX, —%5 FX, @ FX,

FX1®X,) 10* FXi@FX,
maon | |7
F/(X,®X3) —%s F/(X, ® Xa)
F'(f'@a)l lF'(f®g)
FI(X]®@X3) —— FI(X] @ X3),

Hd e (g4
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(FX, @ FX5) @ FX3 —f (FX; @ FX) @ FX3 —f (FX; ® FX2) @ FX;3

| | J»

FX; Q@ (FX;® FX3) FX;Q(FX, ® FX3) —% FX, ® (FX, ® FX3)
1®F%, 'Xsl I®F%, de ll@a;q@axa
FX;®F(X,®X3) —$» FX; @ F(X, ® X3) ideo® FX; Q (F' X, ® F' Xs)
1®ax2®x3l ll@F}f}X3 =
F}, x,@% FX1QF (X, ®X3) —%— FX, ® F'(Xo® X3)
Vo2 Ux1®1l lax®1
F(X1® (X, ®X3)) F'X)®F'(X2®X3) F'X, ® F'(X2® X3)

Fl(Xl ®(X2 ®X3)) T F/(Xl ®(X2®X3)) T F/(Xl ®(X2®X3))

(FX; @ FX2)® FX3 —% (FX; @ FX2) ® FX3 —%s (FX, @ FX3) ® FX3 —%— (FX; Q FX2) ® FX;3

Ff(l 'XQ@ll ng{l x,®1 1®0X3l f@ax3
F(X1 ®X2) @ FX; —— F(X;1® X2) ® FX; (FX1® FX2) @ F'X; —%— (FX1 ® FX3) ® F'X;3
ll®ax3 F§1,X2®1l lﬂx®oy®l
F2 @va.xs FX1®X2)QF'X; —4— F(X, ®X2) ® F'X3 oid (F'X1 ® F'X3) ® F' X3
i - [
F((X1®X2) ® X3) FI(X1®@X2) @ F' Xy —f s FI(X; @ Xo) @ F'Xs —0 5 F/(X,® X5) ® F' X3
U(x1®x2>®x3l ngl(@xz,xg lF%@xz,xs
FI(X1 ®X2) ® X3) —— FI(X1© X2) ® Xs) FI(X1 ® X») ® X3)

P Jr@ lr@

FI(X1® (X2 ®X3)) —— F'(X1® (X2 ® X3)) F'(X1® (X2 ® X3)),

FX®I —% s FX®I IQFX —¢ s I@FX
FX®I —% 4 FX®I 1®F°l IQFX — % L IQFX F°®1l
1®F0l ll@F“ FX®FI (id®s° 1QF"° F0®1l lpn@ FIQFX 1o°®id Fog1
FXQ®FI — FX®FI 1®01l FIQFX — FIQ FX 01®1l
Fful lax@vz = FXQFI 5 FXQFI F?,xl laz@vx = FI®QFX % FIIQFX
FX®I) 10* FXQFI ax@ll lax@ FI®X) 102 FIQFX 1@0% ll@”x
vmi lFX FX®FT FX®FT ”’®Xl lF;?x FI®FX FIQFX
F(X®I) —— F(X®I) Fg Il lszl FI®X) —r— F'X F;?xl lFﬁx
F(X®I) —— FI(X®]I), FI®X) —— F(I®X).

Note that the final four of these axioms only involve structure in the vertical 2-category V(D); and in
fact, they correspond exactly to the axioms for a monoidal pseudonatural transformation from [DS97,
Definition 3]. More explicitly, the second axiom expresses that the 2-cells 0%, x, are components of a
modification, while the third through fifth axioms are precisely the three coherence axioms of loc. cit.

If 0¥ and the components of o2 are identity 2-cells, then o becomes a monoidal vertical transformation
in the sense of [HS19, Definition 2.15]. In that case, og: Fy = F{} and o1: Fy = F] are monoidal
transformations in the usual sense between lax monoidal functors.

Remark 5.4. The notion of a monoidal (rather than pseudomonoidal) vertical transformation is insufficiently
general for the situation we are interested in: the monoidality of the free symmetric monoidal category
double monad on the double category of small categories, functors and profunctors, as considered in
Section 10. The underlying double functor of this double monad can be equipped with lax monoidal
structure, with respect to which the monad unit is a monoidal vertical transformation; however, the
monad multiplication is not a monoidal as a vertical transformation, but only pseudomonoidal. This can
be seen as a consequence of the fact that the free symmetric monoidal category monad is not commutative,
but only pseudocommutative in the sense of [HP02].

We now describe the final piece of structure needed for a double category of monoidal double functors.
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Definition 5.5 (Monoidal modification). Let 8,8’ be monoidal horizontal transformations and let o, 7
be pseudomonoidal vertical transformations, as displayed on the boundary of:

Fﬁﬁ:>G

A w |

F’ ﬁﬁ? G

A monoidal modification ~ filling this boundary is a modification of the displayed shape satisfying the
axioms:

FX; @ FX, 8% ax, 06Xy —9 GX, @ GXs FX, @ FXs —9 FX; @ FXo 228 ox, @ GX,
F%, ,XQJ( 482 J{chl Xy l‘”ﬁ A7y F%, ,XQJ( ox; ®UX2\L Uyx, ®7x, l7x1®7x2
FXG®Xy) ;=0 G0 Xa) 4 GX1@GX; = FXi®Xs) 1 FXi®FX SL—%(?G’Xl ®G'X>
Ux@x{ bvx,@x, lTX1®X2 lGl)%l,)Q UX@X{ FS?I,XQl 45 lGS?l,XQ
F'(X; ® X) o G'(X1 ® Xz) —i G'(X1 ® X2) F'(X1® Xa) — F'(X1 ® X») . G'(X; ® X>)
4 sy g 4 sy g
Fol 48° lGO Fol
FI —— GI 4° |¢* = FI 4" |pous”  |" (39)
o & |
I T G'I — G'I I — F'I T G'I.

We now provide an analogue of Proposition 3.9 in the monoidal setting, by constructing a double
category of monoidal double functors between two monoidal double categories C and D. It would be
routine to construct a double category of lax monoidal double functors, monoidal vertical transformations,
monoidal horizontal transformations, and monoidal modifications; however, because we wish to involve
pseudomonoidal vertical transformations, a little more care is needed in checking the details.

Proposition 5.6 (Functor double categories, monoidal case). Let C, D be monoidal double categories.
There is a double category MonDblCat[C, D] of lax monoidal (pseudo) double functors, pseudomonoidal
vertical transformations, monoidal horizontal transformations, and monoidal modifications.

Note that in Proposition 3.9, we considered oplaz double functors; here we consider only (pseudo)
double functors, but endowed with laz monoidal structure. While it certainly would be possible to consider
“lax monoidal oplax double functors”, this is not needed for our applications.

Proof. We first show that lax monoidal double functors and pseudomonoidal vertical transformations form
a category. Given pseudomonoidal vertical transformations o: F = F’ and 7: F' = F”, we endow the
composite vertical transformation 7-0: F' = F” with pseudomonoidal structure via the pasting composites:

FX,QFXy —% s FX,QFXy, —% % FX, ® FX,

—¥ i .7
Fil,xgl la;ﬁ@axz laﬁ@oxz " l
F(X1®X3) 4 F'X1QFX, —$3 FIX|®FX, o o
ox1®X2l lF}?I,& l‘l'x1®7'x2 oll ‘ o | (40)
F(X1®X,) — F(XG®X,) 4 F'X1®@F'X, P prp
TXI@XQ\L lTX1®X2 lFﬁ,& Trl TI
F'(X1 ® Xp) —— F'(X1 ® Xa) —— F"(X1 ® X2) F'T —— F' —— F'I.

It is now routine to verify the pseudomonoidal vertical transformation axioms for 7 - o, and to check that
this composition law is associative and unital, so yielding the desired category.
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We next show that monoidal horizontal transformations and monoidal modifications form a category;
for which it suffices to verify that, given a pair of composable monoidal modifications, their composite qua
modification, as in Definition 5.5, is again monoidal. This is straightforward.

We now provide the horizontal composition law for MonDbICat[C,D]. Given monoidal horizontal
transformations 8: F = G and v: G =% H, we endow the composite horizontal transformation v o 8 with
monoidal structure via the pastings:

ofx,)® o .
FX, @ FX, —000Qoin) L ox ¢ ax, I s I
UT E
Bx,®Bx, Yx, ®Vx4 idy ids
FX1QFX; —+———GX1GXy —+—— HX1  HX, and I } I } I
Fil,x{ V8%, %o JG%,X,Z 7%, %o JG&,XQ FOl 48° JG“ 47° lH”
F(X1® X)) —+—— G(X1 ® X)) —+— H(X, ® Xa) FI — GI ———— HI.
Bx1®@xs TX1®X 1

Direct verification yields the horizontal transformation axioms. To make the assignment 3,y +— v o g into
a functor, it now suffices to observe that that the horizontal composition of two monoidal modifications qua
modification is again monoidal; this is again a matter of direct verification. Finally, the globular constraints
a,?,r of MonDblCat[C, D] are inherited from DblCat[C, D], and it is simply a matter of checking that
these are indeed monoidal modifications. (Il

The next result builds on Proposition 3.10.

Proposition 5.7. A pseudomonoidal vertical transformation o: F = F’' has a companion as a vertical
1-cell of MonDblICat[C, D] if and only if the underlying vertical transformation of o has a companion as a
vertical 1-cell of DblCat[C, D], i.e. it is special.

Proof. The ‘only if’ direction is trivial: if ¢ has a companion in MonDblCat[C, D], then applying the
forgetful double functor MonDblCat[C, D] — DblCat[C, D] shows it has a companion in DblCat[C,D]. For
the ‘if” direction, given a pseudomonoidal transformation o as in Definition 5.3, the additional necessary
data for the induced horizontal transformation o: F = F’ as described in the proof of Proposition 3.10
to be monoidal are the cells of (36). We obtain these as companion transposes of the structure data (37)
of the pseudomonoidal vertical transformation o, as in:
FX1®@FXs 25 F X, @ F' X,
idy

| =] T
@ = PPN P eFY, 0 =) 4o |
F‘?(lvle UI;E ngl,XQ FI — F'I
o1
F(X1®Xs2) —— F'(X; ® X>)
IX1QX2

where the top-left isomorphism arises due to the double functor ® preserving companions. That this
makes & into a monoidal horizontal transformation can now be checked by lengthy, but straightforward,
calculations. Similarly, it is straightforward to verify that with respect to this structure, the companion
2-morphisms p; and py in DblCat[C, D] are monoidal, and so lift to MonDblCat[C, D] as required. O

6. MONOIDS IN MONOIDAL DOUBLE CATEGORIES

In this section, we consider horizontal and vertical monoids in a monoidal double category. When
instantiated in the monoidal double categories DblCat[C, C] and MonDblCat[C, C] of Propositions 3.9
and 5.6, these will give us the notions of horizontal and vertical double monad, and of monoidal horizontal
and vertical double monad respectively, to be considered in Sections 7 and 8.

We begin with the notion of a horizontal monoid in a monoidal double category. This is analogous to a
pseudomonoid in a monoidal bicategory, in that the associativity and unit axioms do not hold on the
nose, but rather up to invertible squares.

Definition 6.1. Let C be a monoidal double category. A horizontal monoid in C consists of:
e an object A;
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e horizontal 1-cells m: AQ A —+> Aande: I —+ A;
e invertible cells

m®id id®e m e®i m
(ARA)®A "% ARA T A Agr 9% AgA —1s A I®@A -G AgA 15 A
il b | g | ad u |
A®(A®A)F®7A®AH”L—>A A -+ A A -+ A.

These data are required to satisfy the coherence axioms that:

(A04) @A) @A™ MU0 ™84 A9 T A (ABAQA) QA —r (ABA) QA mBd A®A T A

a®1l Ja®1 H 11, H al la al ta

ABABA) B4 S (ABA)®A e ABA > 4 (ABA)B(404) TP AQARA) 1 ABA —i A

Q.

mi

| e w o= | o]
AB((AB®A) Q@A) s AB(ABA) 1> ABA —> A (ABA)BABA) o> (ABA)®A a2 ABA —i A

-] N I R A D
AQABABA)) ot ABUBA) 52 ABA —= 4 AB(AB(ABA)) sz AB(ABA) 15 ABA — A
AN @A U )R ™ AgA T A

of ba o " H AN @A A0 ) 0A "8 AgA 1y A
A@U@A) i AB(ABA) 15 AQA —s A = ”®1l o1 H Vi H

1®/\l et H Yl H AR A P AR A

A®A . A®A

Remark 6.2. As discussed in Section 4, under fairly mild conditions the horizontal bicategory H(C) of
a monoidal double category C will have the structure of a monoidal double category, whose monoidal
associativity and unit constraint 1-cells are the companions of the corresponding constraints for C. In
this situation, horizontal monoids in C correspond to pseudomonoids in H(C) by taking the companion
transposes of the coherence data (41).

Definition 6.3 (Vertical monoid). Let C be a monoidal double category. A wvertical monoid in C
is a monoid in the monoidal category Cy. Explicitly, it is an object A endowed with vertical 1-cells
m: AQ® A— A and e: [ — A satisfying the usual associativity and unit laws.

The next result shows how we may induce horizontal monoids from vertical ones, and will be applied
in Theorem 7.4, relating horizontal and vertical double monads, and Theorem 8.4, relating monoidal
horizontal and vertical double monads.

Theorem 6.4. Let C be a monoidal double category and (A, m,e) be a vertical monoid in C, such that
m and e have companions. The companion transposes

(ARA) QA FY AQA T3 A Agr 99 A4 T, 4 T4 9% 404 T4

| . S oo
A

AR(AQA) = A®A —— A A - A A o

of the monoid identities endow (A, M, e) with the structure of a horizontal pseudomonoid.

Proof. The displayed 2-morphisms are constructed using transpose operations like (12) from the vertical
associativity and unitality monoid axioms for A. They are vertically invertible since «, p and A are, so
that a! may be constructed as companion transposes of the identities mo (1®@m)oa™t =mo (m®1),
and similarly for [! and t!.

The coherence axioms of Definition 6.1 for a horizontal pseudomonoid can now be checked by computing
appropriate transposes of the required diagrams and making use of Lemma 3.12. O
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7. DOUBLE MONADS

For an ordinary category C, the category of endofunctors of C has a monoidal structure given by
composition, and a monoid therein is precisely a monad on C. In the case of double categories, we can do
something similar by exploiting our work in Sections 3 and 6, so leading to a notion of double monad: or
rather, two notions of double monad, horizontal and vertical.

To begin with, observe that Proposition 3.9 states in particular that for any double category C, there is a
double category DblCat[C, C] of double endofunctors, vertical transformations, horizontal transformations
and modifications (Definitions 3.1, 3.4, 3.5 and 3.8). In fact, as is well-known, this double category is
monoidal:

Proposition 7.1 (Composition monoidal structure). Let C be a double category. The double category
DblCat[C, C] admits a monoidal structure given by composition.

Proof. We only sketch the proof; for a full treatment see, for example, [GarO6a, Proposition 39].

Given double endofunctors F, Fo: C — C, we define F; ® F5 to be the double endofunctor F»F} with
underlying ordinary functors (F)g o (F1)o: Co — Co and (Fz); o (F1)1: C; — Cq, and with coherence
data obtained by vertically pasting those for F' and G. Given vertical transformations oy: F; = F| and
o9: Fy = F}, we define 01 ® o9 to be the vertical transformation o901 : Fo Fy = F3F] with underlying
ordinary natural transformations given by the horizontal composites (02)g * (01)¢ and (o2)g * (01)0. With
the identity double functor as unit, this yields a strict monoidal structure on the category of double
endofunctors and vertical transformations.

Next, given horizontal transformations §;: Fi; = G and B3: F» = G2 we define $; ® (2 to be the
horizontal transformation G231 : FoFy = G5G1 with horizontal 1-cell components4

(B2)Fy x G2(B1)x

(6261)){ = F2F1X —t GgFlX —t G2G1X (42)
and remaining data obtained in an analogous way; whereas for modifications 1, v2 as in
P =5 6 P =2 Gy
"1ﬂ Un ﬂfl "2ﬂ e ﬂ” (43)
Hep G B d

we define 1 ® v to be the modification yo7y; : f201 = B55; with vertical source and target oo0; and 7971,
and 2-morphism components:

(B2)
FyF X 2) P X GoF, X G2(B1)x GG X
|
(‘72)le U(72)le (0'2)1?1)( U(‘72)(51)X (02)G1X
\L G5(B1)
FRX e Gy X 2N GLGh X (44)
2)F1 X ‘
Fy(o1) x U(ﬁé)(ol)x Gy(o1)x VG5H(m)x Gy(m1)x

(ﬂ2)p{x G2(51)X
These data endow the category of horizontal 1-cells and 2-morphisms with a non-strict monoidal struc-
ture; for the monoidal constraints, given horizontal transformations £y: Fy = G4, [2: Fb» = G2 and
Bs: F5 == G3, the composites B3(8251) and (B8302)51 have respective horizontal 1-cell components

G3(G2(B1)x o (B2)Fx) © (B3) Fary x and G3G2(B1)x © (G3(B2) i x © (B3) P ry x) (45)

and the desired globular associativity modification (81 ® 82) ® f3 = 51 ® (B2 ® B3) has components
given by the evident globular 2-isomorphisms between these composites, built from associativity and
functoriality of G3. The unit constraints are handled similarly.

4n the provided reference, the alternate choice (8281)x = (82)c, x © F2(81)x is used; this results in a different but
equivalent monoidal structure.
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Finally, we must provide the globular 2-isomorphisms 7 and 7 of (23). We describe only the case of 7; for
which, consider horizontal transformations 8y : F; = G1, 01: G1 = Hy, B2: Fo =5 G4 and d9: Go = Ho.
The two composite horizontal transformations (d1 0 51) ® (d2 0 f2) and (§1 ® d2) o (51 ® B2) have respective
horizontal 1-cell components

Hy((01)x o (B1)x) o ((02)mx o (B2)mx)  and  (Hz2(01)x © (02)aix) o (G2(B1)x © (B2)rx), (46)

which are related by globular 2-isomorphisms built from functoriality constraints of Hs, associativity
constraints of C and the coherence 2-isomorphism (d2)g,), of the horizontal transformation d,. ]

By looking at horizontal and vertical monoids (as introduced in Definition 6.1 and Definition 6.3) in the
endofunctor double category, we obtaine notions of horizontal and vertical double monad. These notions
differ by the direction of the transformations for the the multiplication and unit and by their strictness: a
horizontal monad induces a pseudomonad on the horizontal bicategory, while a vertical monad induces a
2-monad on the vertical 2-category. We shall relate these notions in Theorem 7.4.

Definition 7.2 (Horizontal double monad). Let C be a double category. A horizontal double monad
on C is a horizontal monoid in the monoidal double category DblCat[C, C]. Explicitly, it consists of:

e a double functor T: C — C;
e a horizontal transformation m: TT = T, with components mx: TTX — TX,

TTX 255 TX X M ey Y. TY
il e [ ad | | o
TTX' s TX' TTX —= TX —=> TY
for each object X, vertical 1-cell f: X — X’ and horizontal 1-cell M: X — Y;
e a horizontal transformation e: 1 = T', with components ex: X — T X,
X S5 TX x Yy X7y
fl ley le and H lem H (48)
X' — TX' X ——>TX h TY
for each object X, vertical 1-cell f: X — X’ and horizontal 1-cell M: X — Y
e invertible modifications a, [ and ¢ with respective components at X € C given by:
TTTX 105 77X %5 TX  TX 55 77X %5 TX  TX 425 77X 25, TX
| o] e e | @
TTTX ——— TTX —— TX TX — TX TX - TX
TX mx idrx idrx

These data are subject to the axioms of Definition 6.1, noting carefully the order-reversal stemming from
the fact that F1 ®F2 = F2F1.

A horizontal double monad is exactly the structure we need to define a horizontal Kleisli double category,
as we shall do in Theorem 9.1 below. However, horizontal double monads involves non-trivial coherence
axioms for associativity and unit; it is therefore useful in practice to have some ways of constructing them
from simpler kinds of data. For this purpose, we recall from [GP04, §7] the following definition:

Definition 7.3 (Vertical double monad). Let C be a double category. A wvertical double monad on C is
a vertical monoid in DblCat[C, C]. Explicitly, it consists of the following data:

e a double endofunctor T: C — C;

e a vertical transformation m: TT = T, with components mx: TTX — T X and

77X IEM, 7Ty
mx|amy |y (50)

for each object X and horizontal 1-cell M: X —— Y
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e a vertical transformation e: 1 = T', with components ex: X — TX and

X M,y
€XJ/ Jenr J{ey (51)
TX Vs TY

for each object X and horizontal 1-cell M: X —— Y.

These data are required to satisfy associativity and unitality conditions, as in Definition 6.3.

The notion of a vertical monad is stricter than that of a horizontal monad and thus easier to exhibit in
examples. Once we have a vertical monad, the following result allows us to enhance it to a horizontal one.

Theorem 7.4. Let C be a double category and T': C — C be a vertical double monad. Assume that its
multiplication m: TT = T and unit e: 1¢c = T are special vertical transformations. Then T induces a
horizontal double monad (T, m,€) on C.

Proof. If we consider T as a vertical monoid in DblCat[C, C], Theorem 6.4 ensures that it induces a
horizontal monoid therein (namely a horizontal double monad) whenever the unit e and multiplication m
have companions as vertical transformations. By Proposition 3.10, this will happen if and only if they are
special. (Il

While a direct proof of Theorem 7.4 would certainly be possible, the more abstract approach we take
has the advantage of being equally applicable to the case of monoidal double monads (Theorem 8.4), for
which a direct approach seems less practicable. It is to this that we now turn.

8. MONOIDAL DOUBLE MONADS

In this section, we retread the material of the previous section in the context of monoidal double
categories, leading to the notions of a monoidal horizontal and monoidal vertical double monad, and
results relating the two. In Section 9, we will exploit these notions in order to impose monoidal structure
on the Kleisli double category of a horizontal double monad.

As a first step, we show that when C is a monoidal double category, we can extend the composition
monoidal structure on the endofunctor double category DblCat[C, C] as recalled in Proposition 7.1, to a
monoidal structure on the monoidal endofunctor double category MonDblCat[C, C] of Proposition 5.6.

Proposition 8.1 (Composition monoidal structure on MonDblICat[C,C]). Let C be a monoidal double
category. The composition monoidal structure of the double category DblCat[C, C] lifts to a monoidal
structure on the double category MonDblCat[C, C] of monoidal endofunctors, pseudomonoidal vertical
transformations, monoidal horizontal transformations and monoidal modifications.

Proof. We must lift each of the pieces of data exhibited in the proof of Proposition 7.1 to the monoidal
context. We first lift the strict monoidal structure on the category of 0-cells and vertical 1-cells. If
Fy, F5: C — C are lax monoidal double endofunctors of C, then their composite F5F; bears lax monoidal
structure with vertical 1-cell components

FZ FyF}
(RF)%, x, = oRIX1 Q@ BRI Xy =5 By(Fi1 X, ® F1Xo) —5 FFi (X1 ® Xa),
0 0
() =122 pr 200 gy

and 2-morphism components given similarly by (FgFl)ﬁLN = Fy(F)mnN - (F2)pmpn. Next, if
o1: Fy = F| and 09: F; = F} are pseudomonoidal vertical transformations, then the composite vertical
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transformation o907 : FoFy = F4F] bears pseudomonoidal structure witnessed by the 2-morphisms

F2F1X1®F2F1X2 Hld—> F2F1X1 ®F2F1X2 Hld—> F2F1X1 ®F2F1X2 Hld—) F2F1X1 ®F2F1X2

F;l J{FQZ ltfz@tfz lffz@o’z

B(FXQFX,) —5 B(FX1QFiXs) o FiRX)QF)FiXe —9 FIF X, @ FyFyXo

F Ffi lm lFéQ lFé T1®Fy01

(0201)°= P F (X1 ® X3) Fy(Fi X, @ F1X,) —4 F3(FX, ® F1 X)) F}F| X, ® F}F| X,

agl lFQ' F} ng (o1®01) lFf

FiF (X1 @ Xo) — 5 FIF(X1®Xs) UFe? Fi(FIX, @ FlXy) —8— F)(FI X, ® F|X,)

Féo’ll lF; o1 ng FJ? ng F?

I id I id I

Fgl Fgl
Bl —% 5 BT yol FY°
we| ol
(0201)°= FoF I Fi — s BRI
of ]
FyR I —S PR T yrle? | FREp
Féall Féall

FyF{I —s— F3F{T — FF{I

where the empty squares are horizontal identities existing due to naturality of oo and Fj2. It is direct
to check that these pseudomonoidal constraint cells are stable under vertical composition, so that
we have a functorial tensor product on the category of lax monoidal functors and pseudomonoidal
vertical transformations. Taking this tensor product together with the (strict) monoidal 1¢ as unit, we
obtain a strict monoidal category: indeed, for any lax monoidal double endofunctors Fj, F5, Fy of C,
(F3F3)Fy = F3(FyFy) as lax monoidal double functors, since both have coherence vertical 1-cells given by

F2 F3F? F3FLF?
BFRF X QF3FaFy Xo —5 F3(FaF1 X1 @ FoFy Xo) —2 FaFs(Fi X, @ F Xp) ———

F3F5F1 (X1 ®X5),

using the fact that double functors strictly preserve vertical composition; and correspondingly for the
coherence 2-morphisms.

We now show that the category of horizontal monoidal transformations and monoidal modifications
is monoidal. If 81: F; = G and (Bs: F5 = G5 are two monoidal horizontal transformations, then the
horizontal transformation 8351 : Fo Fy =5 G2G1 given as in (42) is monoidal, via the structure 2-morphisms

FFX1Q FF X, (GaProfa)(Gabrofe) G2G1X1 ® G2G1 X2
w
BAX, @R X, —2%2 Gy Xy @ GoFy Xy — 228920 6,61 X, ® GaGr Xo
(B281)% = F3 183 Cf 4(G)s1.81 G3
F(F1 X, ® F1X)) A G2 (F1X1 ® F1X5) NN G2(G1 X1 ®G1X?)
Fy(F7) Y(B2) 2 GziFIZ) VG2(87) G2(G3)
FFi(X; ® X») A G2 F1(X1 ® X2) e G2G1 (X1 ® X3)
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I i I i I
FQ 183 G‘g a3
(328" = BT Pz Gt] id Gyl
FoF? 4(B2) po GQ‘F{’ 1G2(8?) G2GY
oI T Gg\;ll W GoGq1.

Moreover, given monoidal modifications 1,72 as in (43), their composite y27y1: S281 = 5551 given
by (44) can be verified to satisfy the axioms (39) that render it monoidal, using, among other things, the
monoidality of 1 and 5. The functoriality of this tensor product is now inherited from DblCat[C, C];, given
that monoidality is a mere condition on a modification. It is moreover easy to check that the associativity
and unitality modifications in DblCat[C, C]; become monoidal on lifting them to MonDblCat[C, C];, so
providing the last pieces of data for the desired monoidal structure.

It remains to lift 7 and 5 from DblCat[C, C] to MonDblCat[C, C]: and this is again simply a matter of
checking that the modifications obtained from DblCat[C, C] do indeed become monoidal modifications. O

Using this result, and paralleling the developments of Section 7, we can now give succinct definitions of
the notions of monoidal horizontal and vertical double monad.

Definition 8.2 (Monoidal horizontal double monad). Let C be a monoidal double category. A monoidal
horizontal double monad on C is a horizontal monoid in the monoidal double category MonDblCat[C, C].
Explicitly, it is a horizontal double monad (T',m,e) on C in the sense of Definition 7.2 such that:
e the double functor T: C — C is lax monoidal, i.e., it comes equipped with structure vertical
1-cells T)2(1,X2 :TX,®TXy — T(X1®Xs), TO: I — T1 and 2-morphisms

TX, QTXy LMTN, Ty, @ TY,

2 2 2
Txl,x2l VT~ lTYI,YQ

T(X: ®X3) W T(Y1®Y3)
satisfying the axioms of Definition 5.1;
e the horizontal transformation m: TT = T is monoidal, i.e., it comes equipped with structure
2-morphisms:

TTX, @ TTXy 2% TX, ® TX> PRI
T%Xl’TX,“J( TOJ(

T(TX1®TXz2) im? T%, X, and TI ym° 70 (52)
T(Til,xgl T(T“)l

TT(X1® X2) wipiony T(X1®Xa) TTI ——~ T1

satisfying the axioms of Definition 5.2;
e the horizontal transformation e: 1 == T is monoidal, i.e. comes with structure 2-morphisms

X1 ®X26}L®32TX1 RTX, N
H be? lT;LXQ and H Ve lTo (53)
X1 ®X2 Cm T(Xl ®X2) I j[—> TI

satisfying the axioms of Definition 5.2;
e the modifications a, [, v of (49) are monoidal as in Definition 5.5.

Definition 8.3 (Pseudomonoidal vertical double monad). Let C be a monoidal double category. A

pseudomonoidal vertical double monad on C a vertical monoid in MonDblCat[C, C]. Explicitly, it is a
vertical double monad (7', m,e) on C in the sense of Definition 7.3, such that:

e the double functor 7': C — C is lax monoidal, as in Definition 5.1;
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e the vertical transformation m: TT = T is pseudomonoidal, i.e., it comes equipped with 2-

morphisms

TTX, QTTXy —9 5 TTX, @ TTX, I

Tix,ry mx; @mx, T0

T(TX; ® TX>) TX:®TX, TI

T(T%, x,) bm? T(T°) ¥m® 70 (54)

TT(X: ® X>) Ty x5 TTI

— mi
T(X1 ® Xs) —— T(X1 ® Xo) TI —s— TI

satisfying the axioms of Definition 5.3;
e the vertical transformation e: 1 = T is pseudomonoidal , i.e., it comes equipped with 2-morphisms

X1 ®Xs —H8— X, ®Xo

J/6X1®6X2 I %d—> I
€X1®X3 2 TX1®TX, EIJ( Jel J{TO (55)
JTil,xg TI —4— TI

satisfying the axioms of Definition 5.3;
e the pseudomonoidal structures of the composites moTm and momT: TTT = T are equal, while
the pseudomonoidal structures of moTe and moeT: T = T are both trivial.

For a horizontal monad that arises from a vertical one via Theorem 7.4, we are naturally interested in
conditions on the vertical monad such that the induced horizontal monad is monoidal. Thankfully, the
conditions under which a pseudomonoidal vertical double monad induces a monoidal horizontal double
monad are the same as for the non-monoidal case of Theorem 7.4, as the next theorem shows.

Theorem 8.4. Let C be a monoidal double category and (T, m,e) be a pseudomonoidal vertical double
monad on C. Assume that the underlying vertical transformations m: TT = T and e: 1¢ = T are special.
Then (T, m,e) induces a monoidal horizontal double monad (T, m,€) on C.

Proof. Tf we consider T as a vertical monoid in MonDblCat[C, C], Theorem 6.4 ensures that it induces a
horizontal pseudomonoid therein (namely a monoidal horizontal monad) when m and e have companions
as pseudomonoidal vertical transformations. By Proposition 5.7, this is true if and only if m and e are
special (Definition 3.6). For example, the unit of the induced monoidal horizontal double monad structure
on T is the horizontal transformation €: 1 = T which becomes monoidal with structure cells

ex, ey,

X1 ® Xo TX, ®TX, I T
o e e g
X1®X2 WT<X1®X2) ITTI
that bijectively correspond, under transpose operations, to those of (55). |

While a direct proof of Theorem 8.4 should be possible, the construction of all the data for a monoidal
horizontal double monad from that of a pseudomonoidal vertical double monad using companions, let
alone the verification of the coherence axioms, would be a daunting task. It is at this point that the
advantage of our abstract view becomes clear; as an added bonus, the proofs of Theorems 7.4 and 8.4
become essentially the same.
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9. MoNOIDAL KLEISLI DOUBLE CATEGORIES

In this section, we first introduce the (horizontal) Kleisli double category KI(T") for a horizontal double
monad T (Definition 7.2) on a double category C, with a particularly important case being where T is
induced from a vertical double monad (Definition 7.3) as in Theorem 7.4.

We next consider what happens when the double category C is monoidal and the double monad T’
is also monoidal. We would naturally expect the monoidal structure of C to extend to KI(T'), just as
happens with an ordinary monoidal monad on an ordinary monoidal category. However, because the
monoidal constraint data for a horizontal double monad does not point exclusively in the horizontal
direction, things are slightly more subtle. To even obtain monoidal structure we must assume certain
companions exist, and even then, this structure is only oplaz monoidal in general (Theorem 9.4). Again,
the situation where T is induced from a vertical double monad will be important, and in this special
case, we describe sufficient conditions for this oplax monoidal structure on KI(T") to be normal oplax
(Proposition 9.7) or (pseudo) monoidal (Corollary 9.8).

We begin with the construction of the horizontal Kleisli double category of a horizontal double monad.
This construction is essentially contained in [CS10]; there, the authors start from a vertical double monad
(T, m,e), and define from it a horizontal Kleisli double category (Definition 4.1 of op. cit.) which in
general is only a so-called virtual double category. These are weaker structures than double categories, in
which horizontal 1-cells do not compose, but instead are formed into a structure of “multi-2-morphisms”;
however, [CS10, Theorem A.8] shows that, when the vertical transformations e: 1 = T and m: TT = T
are special, this virtual double category is in fact a double category. In this case, the horizontal Kleisli
double category of loc. cit. can be obtained as follows: first apply Theorem 7.4 to form the horizontal
double monad (T, m, €) associated to (T, m,e); and then apply the following result.

Theorem 9.1. Let C be a double category and (T, m,e) be a horizontal double monad on it. There is a
double category KI(T), called the horizontal Kleisli double category of C, wherein:

e objects are objects of C;
e vertical 1-cells are vertical 1-cells of C;
e horizontal 1-cells M : X «~~ Y are horizontal 1-cells X —— TY of C;
e 2-morphisms as to the left below, are the 2-morphisms of C as to the right:
x sy x o1y
! l lé lg fJ( lé JTQ
X ~—2Y’ X ——=TY'.
M M

Proof. Vertical composition in KI(T') is the same as in C; horizontal composition of Kleisli 1-cells
M: X w»Y and N:Y v Z is given by

M TN myz
NogM:=X —+— TY —— TTZ —* TZ; (57)

while horizontal pasting of Kleisli 2-morphisms ¢ and ) is given by

x—Y¥ sy —N 1177 " T2
fl o Yig VT Ti‘h tmp lTh
X' —— TY’ —— 117 —+——T7Z' .
M TN Mg
The horizontal identity 1-cell on X is
d{ = X S5 17X (58)

and the horizontal identity 2-morphism on f: X — X' is

X -SFTx

fl ley J{Tf

X’T)n(/—>TX’.
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It is easy to see that horizontal composition of 2-morphisms is vertically functorial, and so it remains
to give the coherence constraints. Given Kleisli 1-cells M: X vw» Y and N: Y v Z and P: Z v W,
the associativity constraint is given by the following pasting, in which the horizontal 1-cell at the top is
(P ogy N) og; M and the one at the bottom is P ok (N og; M):

x M T(mw T PoN) TTW % TW
H b H H
TY b TTZ gy TTTW o TTW s TW
H H be H
TTZ —i— TTTW o TTW — TW
TTP mrw’
I
X —r TY N TTZ s TZ =5 TTW e TW.

The unit constraints are as follows, where the horizontal top 1-cells are id{ﬁ' ot M and M ok id@:

X X, 7rx M, pry Y, TY

X M,y I pry MY, 1y H bean)™ H H
H H I H X M. py e, ppy MY, oy
X = TY idpy TY H H be H

X i TY id}y TY.

Above, the 2-cells labelled a, [, v are as in (49) and the components of m, e are as in (47, 48). The coherence
axioms follow by the usual argument for a Kleisli bicategory, c¢f. [CS10, FGHW18]. O

We have not ascribed any kind of universal property to the construction of the Kleisli double category,
and for our purposes we do not need to; however, if we were to do so, then, following [Str72], we would
express it in terms of universal opalgebra structure on the canonical embedding of C into KI(T'):

Definition 9.2. Let C be a double category and (T,m,e) be a horizontal double monad on it. The
canonical embedding Fp: C — KI(T) is the double functor which is the identity on objects and vertical
1-cells; sends a horizontal 1-cell M: X —— Y to ey o M: X v~ Y, and correspondingly for 2-morphisms
between horizontal 1-cells.

Applying Lemma 3.3 to this canonical embedding, we immediately obtain the following result concerning
companions in Kleisli double categories (¢f. [CS10, Proposition 7.5)):

Proposition 9.3. Let C be a double category, T a horizontal double monad on C, and f: X — X' a
vertical 1-cell of C. If f has a companion as a vertical 1-cell of C, then it has a companion also as a
vertical 1-cell of KI(T). O

We now consider the Kleisli double category when C is a monoidal double category and 7' is a monoidal
horizontal double monad (Definition 8.2). As discussed above, it does not seem to be true in general that
the monoidal structure of C will extend to KI(T'); however, under mild assumptions which are satisfied in
our applications, we do obtain at least an oplax monoidal structure (Definition 4.1) on KI(T'):

Theorem 9.4. Let C be a monoidal double category and T a monoidal horizontal double monad on
C. If the vertical 1-cell T°: I — TI and each vertical 1-cell T)zﬁ’XQ: TX1TXs - T(X; ®X3) has a
companion, then the monoidal structure of C induces an oplax monoidal structure on KI(T).

Proof. The monoidal structure on the category of objects and vertical 1-cells KI(T")g = Cy is inherited
from C. For the monoidal structure on the category KI(T"); of horizontal 1-cells and 2-morphisms, we
define the tensor product of M;: X; v Y7 and Msy: X5 v Y5 and the monoidal unit J to be:

M1®@M> TA T0
MiEMs =X, ®Xo S TV, @TYs —3 T(Y,®Ys), J:i=I —s TI,
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while the binary tensor product of 2-morphisms is given by:

X, 2 1y, X, 22 1Y, X, ® X, 181y, ®TY; ﬁ T(Y; ® Ys)
fll o ngl le I ngz = f1®f2l I o®@y T91®T92 U lT(Q1®g2)
X{ — TV, Xy — TV X{ @ X s TY] ®TY2 = T(Y{ ® YY)

1 2 yl Y2

where the right-hand 2-morphism is a companion transpose of the equality T'(g1 ® g2) © T32’1,Y2 = T}Q,l, v, ©
Tg1 ® Tgy of vertical 1-cells expressing naturality of T2. The associativity constraint is given by the
following pasting, where the horizontal composite at the top is (M7 X1 M3 )[X] M3 and the one at the bottom

is M1 (M2 Mg):

T2o(M1QM. M. 73
(X1 ® X2) ® X; (oh M) My TV ®Ya) ®@TYs —L T((Vi ® V) ® Y3)
T e
(X1 ®X2) QX3 ———= (TY1 QTY>) @TYs % TV ®Y:)QTYs —i— T((Y1 ®Y2) ®Y3)
O‘X1,X2,X3J/ ban , my,m5(22) laTYl,TY2,TY3 U (*) J/T()(y11y2,y3
X1 ® (X ®X3Lm ?Yl R (TY>2®TY3) T@T—> TY1 T (Y2 ®Y3) ﬁ—> TY1® (Y2 ®Y3))
H b H H
X1® (X2 ® X3) —— TY1®T(Y20Y;) —— T(V1 ® (Y2 ®Y3)).
M1@(T20(M2®Ms3)) T

Here, the 2-cell () is the transpose of the equality (Ta)T?(T? ® 1) = T?(1 ® T?)« of vertical 1-cells
expressing the associativity axiom for the vertical part of the monoidal double functor T'; note that (x) is
invertible (as all other 2-cells in the above composite) by Proposition 2.8(iii) and (vi). The unit constraints
are formed similarly as follows, where the top horizontal 1-cells are J [x] M and M [X] J, respectively:

I®X oM TI®TY 5 TIQY) X®I MeT® TY @ TI — T(Y ® 1)
Ur b

PP R or | a |

I®X Y ro1y T84 119 Ty S TIeY)  xeI MO 1y e 98T MO TY @ TI — T(Y @ I)

)i A l)x () lT)\ Pl Upm lp U (%) lTp
X i TY - TY, X | TY | TY.

M id
(59)
Here, the 2-cells (*) are the transposes of the unit axioms for the vertical part of the monoidal double
functor T', and are invertible by the same reasoning as before.
The oplax monoidal structure map to the left of (23) has the form:

Nyog M Nooy M-
X1®X221®22

UT

X1®X2mY1®§§mZ1®ZQ
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where o) is defined as in (57); we obtain it as the pasting composite

moT NyoM; moT NyoMsy T3
X1 ®Xo ( it ) TZ @TZs z T(Z1 ® Zs)
5=
H M QM. TN1®QTN; m@m H T H
X1 ® X, M8 7y, @ Y, TSN 7 @ TTZy — T s T2, @ T2 ‘ T(Z,® Zs)
| | e
TV O TY: g, T2 ©TT% — THL@TS) — s T ® %) —i T4 0 %) (60)
H B H H
TY, @YV ——— T ®Y2) -t T(TZ @ TZs) —i=s T2, ® Za) —i— T(21® o)
T2 (N1®N2) TT?
H H » H H
X1 ® Xy g TV ®TY: —— T(V ®Y2) _ TT(Z) ® 7)) —— T(Z1 ® Zo)
1 2 T2 T(T?0(N1®N2))

where the top left isomorphism is the monoidal interchange (23) applied twice, the 2-morphism labelled
m? is a companion transpose of the  structure 2-morphism m? of the monoidal horizontal transformation
m as in (52), and the 2-morphism T’ 1%71, N, 18 @ companion transpose of the component TI%,I, ~, of the lax
monoidal structure on the double functor T as in (34).

The globular 2-morphism 7 to the right of (23) is obtained as follows, where the horizontal 1-cell at
the top is idﬂf}ll id§2 and the one at the bottom is idﬂfg@xz:

€ € j:\Q
X, ® X% 0T, @ TX, —EET(X, ® Xo)
H o2 H 1)

X1 ®X; T(X1 ® Xa).

,
}
€X1®X2

where id* is defined as in (58). Here, the 2-morphism filling the square is a companion transpose of the
structure 2-morphism e? of the monoidal horizontal transformation e as in (53). Finally, the globular
structure 2-morphisms § and ¢ of (24) are defined to be

I ENd TI I -2 Tr
= | v [ B (62)
I —— T —+— TTI —— T1 I —— TI
70 TT0 I “

obtained as the companion transpose of the structure 2-morphism m® from (52) (using that T 70 is a
companion of TT° by Lemma 3.3); and the companion transpose of the structure 2-morphism e° from
(53) respectively.

With some effort, one may show that with these structure cells, the horizontal double Kleisli cate-
gory KI(T) is an oplax monoidal double category in the sense of Definition 4.1. We do not provide the
details here, but in Appendix A.2 we give some sample verifications, along with a number of technical
lemmas used repeatedly in the calculations. O

It is very natural to ask when the oplax monoidal structure of the preceding definition is in fact a
genuine (pseudo) monoidal structure, or at least a normal oplax monoidal structure. For our purposes,
we will only answer this question in the case of primary interest, where our monoidal horizontal monad
is induced from a pseudomonoidal vertical monad (Definition 8.3). To start with, putting together
Theorem 8.4 and Theorem 9.4 gives us:

Corollary 9.5. Let C be a monoidal double category and T be a pseudomonoidal vertical double monad.
If it is true that:

(i) the multiplication and unit of T are special; and

(i) all vertical 1-cells T%, x,: TX1 @ TXy — T(X1 ® X2) and T°: I — TI have companions,
then the Kleisli double category KI(T) of the induced monoidal horizontal monad (T, m,€) admits an oplax
monoidal structure found as in Theorem 9./. ]

Remark 9.6. Notice that in the situation of the above corollary, it is only the interchange 2-morphisms
7 of the oplax monoidal structure which may not be invertible. Indeed, each of the other structure
2-morphisms 7, §, ¢, as displayed in (61) and (62), must be invertible; for example, in this case 7 is the
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transpose of the 2-morphism (56) which is, in turn, the transpose of the V(C)-invertible 2-morphism e?
(55) of the pseudomonoidal vertical transformation e, and as such, is invertible by Proposition 2.8(vi).

As explained above, we will now investigate when, in the situation of Corollary 9.5, the oplax monoidal
structure on KI(T') is in fact normal in the sense of Definition 4.3. To this end, motivated by the theory
of pseudo-commutative monads [HP02], we define for a pseudomonoidal vertical monad (7, m,e) as in
Definition 8.3 a vertical double transformation x: (=) ® T(?) = T o (-® ?) called the strength; this is
given as the vertical composite T? o (e ® 1) with components

X, @TX, — @My oY,
X1 ®TX, % Y1 ®TY, 6X1®1l ler; @11, lﬂq@l
nxl,x{ Yronry aty lfwm = TX, @TX, MM by & TY, (63)
T\ ® X2) gy T ®Ya) T;%l,le VT2 JT%GLYQ

In an analogous way, we can also define the costrength as a vertical transformation T'(-)®(?) = To (-®?7?).
It turns out that requiring these two vertical transformations to be special, as in Definition 3.6, is sufficient
to make the oplax monoidal structure on Kl(T") normal:

Proposition 9.7. Let C be a monoidal double category and T be a pseudomonoidal vertical double monad.
If it is true that:

(i) the multiplication and unit of T are special;
(ii) all vertical 1-cells T)Q(MXQ: TX,®TXy — T(X1®Xs) and T°: I — T1 have companions; and
(#ii) the strength and costrength of T are special vertical transformations,

then the oplax monoidal double structure on KI(T) found as in Corollary 9.5 is normal.

Proof. We need to verify that each oplax double functor X; X (-): KI(T) — KI(T') and (-)X X2: KI(T') —
KI(T) is in fact a (pseudo) double functor. By Remark 9.6, we already know that the square n in (61)
is invertible, which expresses the invertibity of the identity constraints for these double functors. As
for the binary functoriality constraints, it suffices by symmetry to consider the case of X; Xl (-). To
say that its binary constraints are invertible is to say that the 2-morphism in (60) is invertible when
X=X, =Y =2, and M; = N; = €x,. The 2-morphism in question is given by:

X, 0 X, (fﬁoTEoﬁ)@((ﬁoTNgoMz) TX,®TZ» Tf T(Xl ® Zz)
| . T ) |
X1 ®X, 27X, @TYs "% PTX, @ TTZ: — 287 TX, ® T2 £ T(X1 ® Zs)
| H H H
X @ Xy B TX, @TY, fos TTX1 @TTZ, — T(TX @ TZ5) — TT(X1 ® Z2) —2— T(X1 ® Z2) (64)
2 T m
H | H |
X1 @ Xy S TX@TY: —— T ®Ya) gy TTX©T2Z) —eo TT(X1 ® Z2) —5— T(X) ® 22)
| | H H H

X1 ®X2 —_— TX1®TY2 4T,L2—> T(X1 ®}/2)

oMa TT(X1®Z2) —T,V\LO—> T(X1®Z2)

T(TAzo(é®N2))

Clearly the first and final rows of this diagram are invertible. On the second row, the 2-morphism m2
corresponds under transpose to the V(C)-invertible cell m? of the pseudomonoidal vertical transformation m
in (54), and as such is invertible by Proposition 2.8(vi). Thus, we will be done if we can also prove the
invertibility of the third row of the diagram.

Now, since the strength (63) is by assumption a special vertical transformation, it is in particular true
that the companion transpose of the component k¢ y, is invertible. This transpose is equally well the
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composite:

X, @TY, M 7x, @ TTZy L84 TTX, @ TTZs — L2y T(TX: ® TZs)
| o |

X, ®TYs —2 TX, @TY, 2™ rrx, @ TTZy — L2 T(TX: ® TZs)

| | e H

X®TY2 %1—> TX ®T}/’2 T T(Xl ®Y2) Té\@N—z)) T(TXQ@TZQ)
where the 2-morphism (*) on the top row is the transpose of the 2-cell ey, ® 1n,. But by Lemma 3.12,
this (*) is itself the transpose of a vertical identity, and as such, is invertible by Proposition 2.8(vi). It
follows that the composite 2-morphism comprising the bottom row of this diagram is invertible, which
now implies the invertibility of the third row of (64) as desired. O

Although this will not be the case in our applications, we note in particular the following sufficient
conditions for the induced oplax monoidal structure on KI(T') to be not just normal oplax, but in fact a
genuine (pseudo) monoidal structure.

Corollary 9.8. Let C be a monoidal double category and T be a pseudomonoidal vertical double monad.
If it is true that:

(i) the multiplication and unit of T are special;

1) all vertical 1-cells : 1 9 — 1 2) an 1 — ave companions; an

i) all vertical 1-cell T)Q(hX2 TX1®TX T(X;®X dT: I -TIh ‘ d
(iii) the monoidality constraint T? of T is a special vertical transformation,

then the oplax monoidal double structure on KI(T) found as in Corollary 9.5 is genuinely monoidal.

Proof. n, § and ¢ are already known to be invertible, and, arguing as before, the assumption that T2 is
special ensures that every component (60) of the oplax monoidal interchange 7 is invertible. d

In the situation of Proposition 9.7, the fact that KI(T") is a normal oplax monoidal double category
implies that its horizontal bicategory inherits the monoidal structure, in the sense specified in Definition 4.8.
We thus obtain the following result as the culmination of the abstract development of the paper thus far.
This will be the result we use to obtain the monoidal structure on the bicategory of coloured symmetric
sequences in Section 10.

Corollary 9.9. Let C be a monoidal double category and T be a pseudomonoidal vertical double monad.
Under the assumptions of Proposition 9.7, the horizontal bicategory of KI(T) admits a normal oplax
monoidal structure.

Proof. This follows from Theorem 4.10 and Propositions 9.3 and 9.7. |

10. THE ARITHMETIC PRODUCT OF COLOURED SYMMETRIC SEQUENCES

In this section, we apply the theory developed in the previous sections to our intended application,
namely coloured symmetric sequences. Throughout this section, we fix a cocomplete cartesian closed
category V), considered as a symmetric monoidal closed category with respect to its cartesian closed
structure. The restriction to a cartesian monoidal structure was already made in [DH14, GL16] and indeed
it is essential for some of our results, as we explain further below.

In order to help readers follow our development, let us display the main double categories to be
considered in this section in a commutative diagram of inclusions:

Maty ——— Sym,,

L

Profy —— CatSym,,.

On the left-hand side of the diagram, Maty, is the double category of matrices of Example 2.3 and Profy,
is the double category of profunctors of Example 2.4. On the right-hand side of the diagram, CatSym,,
is the double category of categorical symmetric sequences which arises from Profy, as a Kleisli double
category, and Sym,, is its full double subcategory spanned by discrete V-categories—much like the double
category Maty is a full double subcategory of Profy,. We will define the double categories CatSym,,



38 N. GAMBINO, R. GARNER, AND C. VASILAKOPOULOU

and Symy, explicitly in Theorem 10.4, but in order to do so, we must first introduce the relevant double
monad for the Kleisli construction.
Let X be a small V-category. For n € N, let us define the V-category S, (X) as follows. The objects
of S,(X) are n-tuples & = (z1,...,x,) of objects of X. Given two such n-tuples & = (z1,...,z,) and
4

¥ = (2},...,]), the hom-object of maps between them is defined by

Sn(E &= | [ Xleow,

oe6, 1<isn

where &,, is the n-th symmetric group, and where | | and [ | denote coproduct and product respectively.
We then let SX be the following coproduct in Caty:

= || sn(x

neN

The V-category SX admits a symmetric strict monoidal structure in which the tensor product, written
as T,y — £ ® ¥, is given by concatenation of sequences; the tensor unit is given by the empty sequence,
written ( ); and the symmetry is given by the evident permutations. The operation mapping X to SX
extends to a 2-functor S: Caty — Caty, which is part of a 2-monad whose strict algebras are symmetric
strict monoidal V-categories. The multiplication of this 2-monad has components myx: SSX — SX,
for X € Caty, defined by taking a list of lists to its flattening:

mx(@,..., ) =7 ®..z"

The unit of the 2-monad has components ex : X — SX, for X € Caty, defined by taking an object x € X
to the singleton list (z) € SX.

We now show that, firstly, S extends to a vertical double monad on Profy,, and secondly, that this
vertical double monad can be turned into a horizontal double monad. To say that S extends to a vertical
double monad is equivalently to say that the underlying 2-functor of S extends along the inclusion of
bicategories Caty — Profy; while to say that this vertical monad can be turned into a horizontal one
amounts to saying that the whole 2-monad S extends from Caty to Profy,. This is a known result, and
there are two approaches in the literature to proving it. The first uses the theory of pseudo-distributive
laws; see, for example [FGHW18]. The second, which we follow here, is essentially a categorification of
the approach of [Bar70].

Proposition 10.1. The free symmetric strict monoidal category 2-monad S on Caty extends in an essen-
tially unique way to a vertical double monad on Profy,. The multiplication and unit vertical transformations
of this double monad are special.

Here, we say that a vertical double monad T on a double category C extends a 2-monad R on the
vertical 2-category V(C), if R is isomorphic (as a 2-monad) to the 2-monad on V(C) induced by T

Proof. Because any double functor preserves companions (Lemma 3.3), any extension of S to Profy,
must satisfy S(F) = SF for a V-functor F. Because F' — F in H(Profy,), and any double functor
preserves adjunctions in the horizontal bicategory, we must also have S (I\5 ) = SF. Since by [Str&0,
§6], every V-profunctor M: X — Y admits a globular isomorphism to one of the form GoF for a
suitable cospan of V-functors F': X — Z <« Y : (G, the preceding conditions determine the action of .S
on horizontal 1-cells of Profy, to within unique isomorphism. Using this idea, one obtains the following
explicit definition: given M: X — Y, SM: SX — SY is defined as the N-indexed coproduct in (Profy,);
of Sp(M): S, (X) — Sp(Y), where

Sn( |_| |_| ya(z (65)

ce6,, 1<i<n

The action of S on 2-morphisms of Profy, is now forced by Proposition 2.8(iii) and the fact that any double
functor preserves globularity; the reader will easily guess an explicit formula, and this guess is the correct
one. This completes the definition of S qua double functor on Profy,; that these data are indeed double
functorial is verified, for example, in [GarO6b, Proposition 55], to which we refer for further details.

We now extend the unit e and multiplication m of the 2-monad S; the missing data are the 2- morphlsm
components ey; and myy (50, 51) associated to a horizontal 1-cell M: X — Y. Writing M =~ GoF as
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before, we see that ey and mys are determined by ez, ex, mp and mp:

X M Z SSX SSM SSZ
x & ; ¢ .y SSx SSE S;Z S§G, 55y
em = exl Vep E\LZ leg J/ey and  mp = mxl bmgp T?iz Img lmy (66)
S R S e Y
SX % SY SX ; SY

To the left, Lemma 3.12 implies that ez is the companion transpose of the identity of vertical 1-cells
ez o ' = SF oex; while a suitable dual of Lemma 3.12 implies that ej is the conjoint transpose
of the identity ez o G = SG o ey. In a similar way, the 2-morphisms m and my are forced. An
explicit verification that these data satisfy the vertical double monad axioms is, again, given in [Gar06b,
Proposition 55].

Before continuing, we note a fact which will be used repeatedly in what follows. Suppose given
profunctors N: X =Y and M: SY — Z. Then for any z € Z and & = (z1,...,z,) € SX, the value at
(2, %) of the composite M o SN: SX — SY — Z, as to the left below, is equally given as to the right:

geyn

geSY
| Mepxsvga = [ Men < [] N . (67)

1<isn

Indeed, we can immediately reduce the left-hand coend to one over € S,,Y’; and for such a ¢, we have
M(z,y) x SN(¥,%) = Uyes, M(2,9) % ['i<icn N(Yo(i),®i). On the o-summand of this coproduct, we
define the component of the desired isomorphism (67) to be

. M(1,0Y)x1 . . gey™ .
M(z,9)x |_| N(Yo(iy, xi) —— M(z,0%7)x |_| N((0*9)i, i) ;’J M(z,9)x |_| N(yi, z;)
1<i<n 1<i<n 1<i<n
where (0*¥); = y,(;) and where ol — o*7 is the evident symmetry isomorphism in SY.
It remains only to check that the extended vertical transformations e and m are special, i.e. that the

following companion transpose 2-morphisms are invertible:

Z M .y __ & gy 87 —SSM_, gy MY, gy
H sow | oemd v |
Z > SZ =i SY SSZ = SZ S SY.

Starting to the left, let z € Z and ¥ = (y1,...,yn) € SY. To within isomorphism, using the formulas for
composition and companions for profunctors (8, 11) as well as (65), the profunctor at the bottom of the
square sends (¢, z) to

. M(y1,z) ifn=1,;
SM(F, () - { 1,2) ! (69)
0 otherwise.
On the other hand, the profunctor around the top sends (7, z) to:
vey VeYy x M(y',z) ifn=1;
[ svnwnxary.z = {1 Vi1 X (69)
0 otherwise.

In the only non-trivial case where n = 1, the comparison 2-cell €, from (69) to (68) is given by composition:
and this is invertible by the Yoneda lemma.

We proceed similarly for M. Let 2 = (21,...,2") € SSZ with ¥ = (2, ,4+1,---,2m,) for some
0=mog<my <--<my,and let ¥ = (y1,...,Ym) € SY. The only non-trivial case is when m,, = m so
we immediately restrict to that. This time, the profunctor in the bottom row sends (¥, Z) to

SM(];, @ 21): |_| |_| M(ya(m)azm)' (70)

1<i<n eSS, 1<i<m
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On the other hand, the profunctor around the top sends (¢, 2) to

weSSY ) Lw"eSY ) ) )
J SY[7, & wf]szM(w,z);f SY[g, @ w'lx []| SM@,#)

1<i<m 1<i<m 1<j<n

W1y, WM EY
= f SY [, W] x |_| M (ws, z;) (71)

1<j<n
mi1+1<i<m;

W1y, WM EY
|_| f |_| Y [Yo (i), wi] x M(wi, 2i),

oeS,, 1<is<m

lle

using (67) once at the first step, and n times at the second step. The comparison 2-morphism 7,
from (71) to (70) is again given by composition, and this is again invertible by the Yoneda lemma. O

Corollary 10.2. The 2-monad S: Caty — Caty induces a horizontal double monad S': Profy, — Profy,.

Proof. Apply Theorem 7.4 to the vertical double monad of Proposition 10.1 to obtain the horizontal
double monad (S, m,€). O

We are now ready to recall the definition of categorical and coloured symmetric sequences.

Definition 10.3 (Categorical and coloured symmetric sequences).

e Let X and Y be small V-categories. A categorical symmetric sequence M : X v~ Y is a profunctor
M: X — SY, i.e. a V-functor M: SY°P x X — V.

e Let X and Y be sets. A coloured symmetric sequence M: X v~ Y is a categorical symmetric
sequence from X to Y, considered as discrete V-categories.

Categorical symmetric sequences and coloured symmetric sequences are the horizontal 1-cells of double
categories that we denote CatSym,, and Sym,,, which we may now obtain by forming the horizontal Kleisli
double category (Theorem 9.1) of the horizontal double monad S': Profy, — Profy,.

Theorem 10.4.

(i) There exists a double category CatSym,, having small V-categories as objects, V-functors as vertical
1-cells and categorical symmetric sequences as horizontal 1-cells.

(ii) There exists a double subcategory Sym,, having sets as objects, functions as vertical 1-cells and
coloured symmetric sequences as horizontal 1-cells.

Proof. For Theorem 10.4(i), it suffices that we apply Theorem 9.1 to the horizontal double monad
(S,m, €): Profy, — Profy, of Corollary 10.2, where m and e are as in (66). Indeed, a categorical symmetric
sequence M: X v~ Y is precisely a horizontal Kleisli 1-cell, and so by (57), the composition of categorical
symmetric sequences M : X — SY and N: Y — SZ is the profunctor N ogy M : X —— SZ found as the
composite

X M, gy SN, g5z 2, 57,
Using (8), (11) and (65), this composite has value at Z = (z1,...,2m,) € SZ and z € X given by

weSSZ,yjeSY
(N o M) (%) = f

SZ[z, Q@] x SN(w@,7) x M(g,x)

which by applying (67) simplifies to the following well-known formula (c.f. [FGHWO08, eq. (10)]):
@, WmeSZ,jeSY _ '
(N og) M)(Z,x) = f SZ[Z,@w' ] x [ | N@,y) x M(§,x)
7 1<is<m
which is a generalisation of the substitution monoidal structure for symmetric sequences [Kel05]. Theo-
rem 10.4(ii) follows immediately and the formula for composition does not actually simplify significantly,
since SY and SZ are genuine categories even when Y and Z are sets. ([

Remark 10.5. Even if the primary focus of our interest is the double category of coloured symmetric
sequences Symy,, it is useful to consider the larger double category of categorical symmetric sequences
CatSym,,. The reason is that the latter arises naturally from the double category of profunctors as a
Kleisli double category and enjoys better closure properties than the former, since the free symmetric
strict monoidal category on a discrete V-category is not discrete.



MONOIDAL KLEISLI BICATEGORIES 41

We now wish to apply the theory developed in the previous sections in order to obtain the desired
oplax monoidal structures on CatSym,, and Sym,,. First note that, by Example 4.6, the double category
Profy, has a monoidal structure induced from that on V. Thus, by Proposition 9.7, it suffices to show that
the vertical double monad S': Profy, — Profy, has well-behaved pseudomonoidal structure.

The key fact which allows us to do this is that, as a 2-monad on Caty, S is pseudomonoidal [HP02, Kel74].
Indeed, [HP02, Section 3.3] shows that S can be equipped with the structure of a pseudo-commutative
2-monad, while [HP02, Theorem 7] states that every pseudo-commutative 2-monad is pseudomonoidal,
cf. also [Koc72, Theorem 2.3]. For our purposes, it will be convenient to describe the relevant structure
explicitly. First of all, S admits a strength [Koc72] given by:

k: X xSY - S(X xY)
(z,9) — ((x,y1)7...,(:v,yn)),

as well as a costrength k': SX xY — S(X xY) given dually. Note that, because the formula for «(z, %)
repeats the variable x, we can only make the assignment of (72) V-functorial when V is cartesian monoidal—
and this explains the reason for us making this restriction in the first place. In this situation, the 2-functor
S acquires two canonical lax monoidal structures built from the strength, the costrength and the monad
multiplication as in [Koc72, egs. (2.1) and (2.2)]. In our case, one of these lax monoidal structures has
§Y:1 — S1 given by the monad unit, and % -1 SX x SY — S(X xY) defined by lexicographic product:

(72)

((xlr'wxm)’ (y17~-~;yn)) = ((xlayl) (331,242) (xlvyn) (ZQ Z/l) (x’muyn)) (73)

which we sometimes also denote by #[X] ¢ as in (5). The other lax monoidal structure has the same S°
and binary constraints SX x SY — S(X x Y) given by colezicographic product. Evidently, these two
lax monoidal structures are isomorphic, and this is the key aspect of S being pseudo-commutative in the
sense of [HP02].

In this situation, by [HP02, Theorem 7], which is a higher-dimensional adaptation of [Koc72, Theo-
rem 2.3], S becomes a pseudomonoidal 2-monad with respect to the lax monoidal structure S2. It is not
hard to see that the monad unit e: 1 = S is in fact a genuine monoidal transformation; however, the
multiplication m: SS = S is not monoidal, but only a pseudomonoidal transformation; which is to say
that the two sides of the diagram

SSX x SSY —514 §(SX x SY) 25 g5(x x V)
mx mel Umg(,y lmXxY (74)

SX x SY = S(X xY).

are not equal, but only coherently isomorphic via a 2-cell as displayed. We now describe this 2-cell m%(,Y

explicitly. To thls end, let us take a typlcal element of SSX x SSY say (( L N (T fg*@)) where
&= (af,.. 2l )for 1<i<kandj = = (... 7yn ) for 1 < j < ¢. On the one hand, around the lower
side of (74), this element is sent first to ((1,..., mk), (yi,... ,ym)) and then to

(@1, y1)s (@1,92)s o (@1, 0n,)s (@2,91)s -5 (23,9, )5 (@, s U,))-
This is the lexicographic order on four indices. On the other hand, around the upper side of (74) we
obtain first ((z1,7), (&, 4?),...,(Z*,§*)) and then, applying (73) to each pair, we get

(((x%ay%)a (miay%)a teey (x:n17y;l].1))7 ((l&vy%)v (l&vyg)v L) (Iinpyzw))a cee ((xllcvy{)’ (Illcayg)v LR (I]:nk7yfw))>

and so finally
¢
((x%7yil)’ (x%7y:2l)7 ttt (xin17y}L1)’ (I%’ y%)’ R ("E})’Ll’yig)7 R (‘rlfnwynz)) °

This is a twisted lexicographic order on the indices, with the significance order being 1-3-2—4 rather than
1-2-3-4. Clearly, there is a unique bijection 6 which exchanges these orderings, giving the components of
the desired natural isomorphism mggy filling (74). This establishes the binary pseudomonoidality of m;
the corresponding nullary pseudomonoidality constraint m? is in fact the identity. That these data satisfy
the necessary coherences to form a pseudomonoidal monad is now asserted in [HP02, Theorem 7], but
one could also establish this directly, following a reasoning similar to that used in [HP02, Section 3.3] to
establish pseudocommutativity.
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The next lemma extends the pseudomonoidal structure of the 2-monad S: Caty — Caty to a pseu-
domonoidal structure in the sense of Definition 8.3 on the vertical double monad S': Profy, — Profy, of
Proposition 10.1. Before doing this, let us note that under our assumption that V is cartesian monoidal, the
induced monoidal structure on Profy, is also cartesian, in the sense that the ordinary monoidal structures
on (Profy)o and (Profy,); that underlie it are both cartesian monoidal; as such, we will continue to write
x rather than & for this tensor product, in particular, for its action on horizontal 1-cells of Profy,.

Lemma 10.6. The vertical double monad S: Profy, — Profy, is pseudomonoidal.

Proof. We need to check that S is a lax monoidal double functor as in Definition 5.1 and that m and e
are pseudomonoidal vertical transformations as in Definition 5.3. Let us begin by showing that S admits
a lax monoidal structure. For X7, X5 € Profy,, the vertical 1-cells S§(17X2 15X x SXo — S(X; x Xo) and
SY: 1 — S1 are given in (73). For My: X; — Y; and My: X5 — Ys, the squares

SX, x §X, SMSMa gy o Sy,

S§1,X2J V830, is;n (75)

S(Xl X XQ) W 5(1/1 X Yg)
can be constructed followmg the same reasonmg as in the proof of Proposition 10.1, i.e. reducing to the
cases where M = F N =G and M = F N = G and using that S is lax monoidal on Caty.

We already observed that the unit e is genuinely monoidal at the 2-monad level, and the same is true
for e qua vertical transformation. As for the vertical transformation m, the axioms for a pseudomonoidal
vertical transformation that concern only the vertical fragment are exactly those expressing that m is a
pseudomonoidal natural transformation in Caty,, which we have discussed above. The only axiom not of
this form is (38), and this can be verified using the construction of the squares in (75) via a reduction to
companions and conjoints and the modification axiom for the 2-cells filling (74). O

So S extends to a pseudomonoidal vertical double monad S': Profy, — Profy,; and the last step required
to establish the normal oplax monoidal structure of coloured symmetric sequences is to verify that this
vertical double monad satisfies the additional conditions of Proposition 9.7.

Lemma 10.7. The pseudomonoidal vertical double monad S': Profy, — Profy, has the properties that:

(i) The multiplication m: SS = S and unit e: 1 = S are special vertical transformations.
(i) The vertical 1-cells S% y: SX x SY — S(X xY) and S°: 1 — S1 have companions.
(#ii) The strength and costrength of S are special vertical transformations.

Proof. Ttem (i) was already shown as part of Proposition 10.1. Item (ii) is immediate since every vertical
1-cell in Profy, has a companion, see Example 2.7. For Item (iii), the two cases are dual, so we only
provide details for one. According to Proposition 9.7, the strength in question is defined from the lax
monoidal structure S? of S via (63); but because we originally obtained S? using the strength  of (72)
and the dual costrength, it follows as in [Koc72, Theorem 2.3] that the strength of (63) is this same &,
and similarly for the costrength. Thus, the condition we must prove e.g. for the costrength is that, for
any M: X =Y and N: W —— Z, the companion transpose 2-morphism

SX x W —SMXN gy w7z PN Sy x 2)

\ | ™

is invertible. To this end, let @ = ((y1,21);---, (Ym, 2m)) in S(Y x Z) and let (Z,w) € SX x W where
Z = (x1,...,2Zm). Note we assume that @ and & have the same length; that we may do so without loss of
generality will be clear from the formulae which follow. Now, the profunctor along the bottom of (76) has
value at (@, (Z,w)) given by

S(M x N) (i, s(Z,w))

|_| |_| M><N ya(),Za(z)) (@i, w ))

geS,, 1<i<m

|_| |_| M(ya(z’)a ;) X N(Zo(i)> w)

geS,, 1<i<m
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On the other hand, the profunctor across the top of (76) has value at (@, (Z,w)) given by
veSY,z'eZ
J S(Y x Z)[i, x(7,2")] x (SM x N)((7,2"), (Z,w))

FeSY, e
_ J S(Y % Z2)[i, (7, )] x SM(#,7) x N(+',w)

12

K
%
3

m
b-<
)
m
N

S(Y x Z)[u, k(v,2")] x M (v;, ;) x N(2',w)
1<is<m

V1,...,um€EY,2'€Z

|_| J |_| (Y X Z)[(ya(i)wza(i))’ (Ui>zl)] X |_| M(vi’xi) X N(Zl’w)

I

oeG,, 1<is<m 1<i<m

V1,...,um€Y,2'€Z

L | [T Y logsvil % Zlzog 21 % [ Mvsyas) x N(2'sw)

ogeS,, 1<is<m 1<i<m

|_| |_| M(yo(i),xi) X N(Zg(i),w) ,

ceS,, 1<i<m

lle

lle

where at the first isomorphism we use (67) and at the final one we use the Yoneda lemma. By tracing it
through we may see that the isomorphism constructed in this way is exactly Kas,n, which is thus invertible.
As noted above, the specialness of the costrength follows by an identical dual argument. (]

Theorem 10.8. The double category CatSym,, of categorical symmetric sequences admits a normal oplax
monoidal structure, given by arithmetic product of categorical symmetric sequences. Moreover, this restricts
to a normal oplax monoidal structure on the double category Symy, of coloured symmetric sequences.

Proof. CatSym,, is the horizontal Kleisli double category of the horizontal double monad induced by the
vertical double monad S: Profy, — Profy,, as seen in the proof of Theorem 10.4. Moreover, by Lemma 10.6,
the vertical double monad S is pseudomonoidal, and by Lemma 10.7, it satisfies the further hypotheses
of Corollary 9.5 and Proposition 9.7. Applying these results, we see that the monoidal structure of
Profy extends to a normal oplax monoidal structure on CatSym,,, which clearly restricts back to the full
sub-double-category Sym,.

It remains to show that the tensor product of horizontal 1-cells computes the arithmetic product of
categorical symmetric sequences. For categorical symmetric sequences M;: X7 v~ Y7 and My: X5 v Yo,
the tensor product M7 [X] My: X1 X Xo v Y7 x Y5 is defined as the profunctor:

52
X; x Xy 22 0y x SY, —H25 S(V; x Ya).

We now unfold this expression explicitly. First, by the definition of a companion in (11) applied to S‘%’l,Yz’
the second of these profunctors is given by

S%/l,Yz (57 (517:172)) = S(Yi X 1/2)[57 371 52];

where ) Xl 9> is given by the lexicographic ordering (73). Thus, using the definition of tensor product of
profunctors (26) and of composition of profunctors in (8), we obtain

2717172
(M1 X M) (7, (21, 22)) = J S(Y1 x Y2)[§, th K ga] x Mi(1,x1) X Ma(§a, z2), (77)

which is the formula for the arithmetic product of categorical and coloured symmetric sequences and in
particular gives the formula in (4) for coloured symmetric sequences. O

The final step is to obtain the desired oplax monoidal structures at the level of bicategories rather
than double categories. Indeed, the horizontal bicategories of CatSym,, and Sym, are the bicategories of
categorical and coloured symmetric sequences introduced in [FGHW18] for V = Set and in [GJ17] for a
general V. Thus, we can apply Corollary 9.9 to obtain:

Theorem 10.9. The bicategory of categorical symmetric sequences CatSym,, admits a normal oplaz
monoidal structure, given by the arithmetic product of categorical symmetric sequences. Furthermore, this
normal oplax monoidal structure restricts to the bicategory of coloured symmetric sequences Sym,,.
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Apart from its intrinsic interest, and the construction of an example of a sophisticated kind of low-
dimensional categorical structure by purely algebraic means, without any appeal to homotopy theory,
Theorem 10.8 and Theorem 10.9 will be essential for subsequent work on the Boardman—Vogt tensor
product of bimodules between symmetric coloured operads, extending that in [DHI14] for bimodules

between symmetric operads.

APPENDIX A.

A.1. Coherence axioms for an oplax monoidal double category. In this appendix, we spell out
in detail the axioms for an oplax monoidal category as in Definition 4.1. In [HS19], the explicit axioms
for a monoidal double category can be found, which are analogous but differ in that we use the opposite
orientation for our (non-invertible) structure maps, and also provide additional non-invertible structure
cells § and ¢ as in (24), which in the pseudo case can be chosen to be identities and so omitted.

The 2-cells 7 and 7 as in (23) satisfy the following axioms, for M;: X; — Y;, N;: Y; — Z; and

.PZ'I Zl —> Ul
((PloNl)OAII)®<(P20N2)OM2)
X1 ® Xo ' U1 ®Us
X, ® X, WQ Y, ®Ys (P10N1)®(P'20N2) U @Y, =

X1 ®Xo AT@';WZYl@YZ oW 71 ® Zo FOrYes U ®Us

- |

(idoM;)®(ido Ma)

X ® X, Y1®Y;

yr
X @XMy oy, Mnlyg
41 In
XllX @ﬂzyln%mln
H 5 H
X1 ® X, YI®Y:

MiQ@Mz

X ® XéidoM\)@(idoMz

| e ]

X1®Xo —— YV1®Y,

Mi®@Mo

&/1®Y2

X1®X2AWZY1®Y2 oW VAR

X1 ® X2

((PloNl)ol\/fl)®<(P2oN2)01\12)

H Ja®a

(Plo(NloA11)> (on(NgoMQ))

| v

(N1oM1)®(N2oMz)
H & H

(M 0id)@(Mz0id) VY,

H o H
My @M>

X, ®X, 999 x 0 x, %y, @1,

| e
M1@Mo

10X, 4 X0 X, ¥ v oY,

H y H

Xi®@Xy ——— = Y10Y;

Mi®@M>

X1 ® X2

21 ® Zo XY U ®Us

I

FXyE U1 ®Us

(M, o:d)@(ﬂ];ondi/ Y,

brer [

X1®@Xy ———— Y1®Y

Mi®@M>

These axioms make ® into an oplax double functor. Notice that at the bottom of the left diagram of the
first axiom there is a composition associativity constraint implied.
The 2-cells ¢ and ¢ as in (24) satisfy the following axioms

I

10 IO IO [0
H 19 | & H
I I Iy = I I Iy % 1,
G L D DO
Iy I Io i Io A Iy A Iy A Iy I Io
Ig 4101—> IO IO 4101—> IO
| e | e
Ig—¢—>]0—o—>10 Io—lol—>fo Io—'—>fo—l'—>fo 104]‘1—>10
[ ol e =0 w [ [ e«lxl=1 w |

Iy I Iy —o—> Iy
|

_—
Iy FA Iy

1041'—>IO
1

which make I: 1 — C into an oplax double functor.

I

Iy LI Iy —o—) Iy
|

_—
Io - I

1041'—>IO
1
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Next, for horizontal 1-cells M;: X; — Y; and N;: Y; —— Z;, the following axioms hold

((N10M)@(N20Mz2) )@(NaoMs)

(X1 ®X2)® X3
|

((M®N2)o (A ®‘M'2))®(N30A43)

(Z1®Z2)® Z3

(Z1® Z2) ® Z3

H b
(10 %) ® Xs rgnmens 1 © ¥2) O Vs g, (41 © 22) ® 2
al Ja al la

e X3)1m®<Mz®Ms>

(X1 ®X2)® X3
H In®1

T
(X1 ®X2)®X3
gl

X1 ® (X2 ® X3)

Vida

— i V1 ® (Y2 ®Y3)

(idx, ®idx, )®idx,
_

idx; @x,®idx;
id(x,@x2)®9x3

idx; @(x2®X3)

N1®(N2®@N3)

H
|
|-

(X1 ®X2)® X3

(X1 ®X2)® X3

(X1 ®X2)® X3

X1 ® (X2 ® X3)

lo

———— 71 ®(Z2® Z3)

(X1 ®X2)® X3
X1 ® (X2 ® X3)
X1 ® (X2 ® X3) ‘
H (N1oM1)®((N2@Na)o(M2@Ms))

X1 ® (X2 ® X3)

(X1 ®X2)® X3
X1 ® (X2 ® X3)

X1 ® (X2 ® X3)

X1 ® (X2 ® X3)

((N1oM1)@(N20M2) )@ (NsoMs)

|

la
(N10M1)®((N20M2)®(NaoMs))

(Z1®2Z2)® Z3

le

21 ®(Z2® Zs)
|

Jo

11®@n

idx, ®idx,@x;
In

dx; @(x2@X3)

(idx, ®idx, )®idxg
_

—
idx; ®(idx,®idx;)

b H

Mmﬁ@(%@%) e g Zl®(22®Z3)

N1®(N2®N3)

(X1 ®X2)® X3

lo

X1 ® (X2 ® X3)

X1 ® (X2 ® X3)

which make associativity into a vertical transformation of oplax double functors (together with the
naturality of components which comes from (D;,®;1, ;) being a monoidal category). Moreover, the

following axioms hold

LiQ(NoM)

Ih®X Ihy®Z
| w1 |
L®X (Iio1)®(NoM) Ih®7
| b |
LOM LN

IQ@X — I()@Y — 10®Z

[ e b

AN
X 37 Y % A
X®l (NoM)®I; 2&1
| es |
x ® IO (NoM)®(I10I1) 7 ® IO

3
XL Meh Y®TIO NOL 7 &1

pl bpm "l lpn l”

X i Y % Z

Li®(NoM
Leox M ez
= )‘l IANom l/\
X —r Y — Z
X® Iy (erDeh , ® Iy
= pl JoNom lp
X——Y —F—7Z

LoXx "8 rex

| e ]

id id
I ® X 2P @ x
H W

idr,@x H

I()@X —t I()@X

/\l Jidy L\

idx

X@I, 24 x g1,

[ e
X® L 22X @ I
| e
X®Ih 2% x @1,

pl lid, l”

X ——— X
idx

LoXx 8% reox

= )\l i l)\

X — X
idx

X “& x w1,

- pl Upiay lﬂ

X — X
idx

which make the left unit constraint A\: ® o(I x 1) = 1 and the right unit constraint p: ® o(1 x I) =1
into vertical transformations of oplax double functors (together with the naturality of components coming
from (IDy,®1, I1) being a monoidal category).

A.2. Proof of Theorem 9.4. In this section, we illustrate the main ideas in the proof of Theorem 9.4.
We begin by stating a couple of technical lemmas which, along with Lemma 3.12, are used repeatedly in

the proof.

Lemma A.1. Let F': C — D be a double functor. For any horizontal 1-cell M : X — Y and vertical
l-cell f: Y =Y’ in C, a 2-morphism in D of the form on the left corresponds, under transpose operations,
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to a 2-morphism of the form on the right

Fx U FY’ FX M, py v, py
| i | [
FX M, py EL pyo Vo W Ry’
Low oW ] |
e te—+ s .  —+ ye— 4

for any 2-morphisms ¢, of the right shape.
Proof. By pasting the 2-morphism F(p2 o 157) on the top of the left diagram, we obtain

Fy F(idy M) Fy Py F(idy oM) Py
H VP (p2olar) lFf H Veay ar H FX EM, py v, py
FX — W FY'  FX —— FY —— FY lFf
F(foM) B FM F(idy) B
T | e
! !
FX < FY —5 FY' FX yp FY —os FY |
T T i
[ ] + [ ] + [ ] [ ] + [ ) + [ ]

where the first equality is due to naturality of components of £, and the second one (up to pasting with

~

appropriate coherence isomorphisms) follows from the definition of the transpose ¥ and the unitality

axiom for F. O

Lemma A.2. Let 8: F == G be a horizontal transformation and f: X — X' a vertical 1-cell in C. If f
has a companion f, then the globular coherence 2-isomorphism ﬁf 1s vertically inverse to the transpose of

the 2-morphism component (s, i.e. :

Fx 24 px B ax S axr rx B ax S ax
H L Fps FfJ{ U85 JGf LGp H = H L83 H
FX —— FX' ——— GX' —— GX' FX —— FX' —— GX'’
Ff Bx: idgxs Ff Bxr

Proof. We will show that if we vertically compose the transpose of 3¢ with 3 7on both sides, it produces
a vertical identity (up to coherence isomorphisms). Indeed,

rx 2exo py B pxr B axe rx Mex, py B opxr By oxr
T e T L e T |

i £ 15 £ i ’ ’ LU ~
Fx ey py B ax S axr = px B px Mexy pxr Y axr = g org
H VFps Ffl V8; leUGm H H H VBia, H
FX —— FX' —— GX' —— GX’ FX —— FX' —— GX' —— GX’

Ff Bxr idg x/ Ff Bxr idg xr
rx ex, py O ax 9 axt rx exs py Px L ax 9T ox
H L F'p2 FfJ/ 48y J/Gf 1Gp: H H VBiax H H (14)

(15) of W, g

FX —— FX' —— GX' —— GX' = FX —— GX —— GX -2 ax' = lafops

Ff Bxs idgxr Bx idex
H 185 H H H UBry H WG | Gf yGm H
FX —— GX —— GX' —— GX FX ——— GX —— GX' —— GX.

Bx Gf idg xr Bx af idg x/

We now provide a sample verification of one of the axioms needed in the proof of Theorem 9.4. We
will show that the left unit constraint of the monoidal structure of a Kleisli double category KI(T') for a
monoidal horizontal double monad is compatible with horizontal composition, namely the top left axiom

of (79).
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First of all, the left unit constraint components J x| M = M as in (59) bijectively correspond to cells

QX QM reory i reTY

lT()@l

TIQTY

I

TIQY)

|

TY

A A A Jida

using Lemma A.1, since 7 is the composition comparison structure map for the double functor ® of the
monoidal double category C. Using appropriate transpose operations like (12), we can therefore transform
the axiom at question to one that does not involve companions of 1-cells and 2-morphisms as follows: the
right-hand side of (79) becomes

id TNoM .
I®X id@(molNoM) IQTZ —& s IQTZ
lT(’@l
TIRTZ
A U)\moTNoM A J/Tz (80)
TI® Z)
[
X i TY N TTZ e TZ o TZ
whereas the left-hand side, using naturality of 7, becomes
I®X id@(mo;’"No]\l) I®TZ
id®M 1d®T N, v id®m H
IQX M 1@ TY —— T10@TY ¥, 1oTTZ IQTTZ IQTTZ ¥, 1eTZ
T”@ll lT”@l T“®1l T“®1l
TIQTY Y'Y 1191712 TIQRTTZ TIRTTZ ym'e1 TO@1
TQl VTY sz sz TT0®1l
T(I@Y)TW)T(IMZ) — T(I®TZ) TTI®TTZ %% TIQTZ (81)
A [yY: A T(T”®1)l TZL
T(TIQ®TZ) ——= T(TIQTZ) im? T
X ITAN TA TT2l TT2l
TT(I® Z) TTI®Z) —2 T(IQ Z)
TT)\l TT)\l Imy lT/\
X ——— TY TY e TTZ TTZ TTZ . TZ
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Now using the fact that (72,7°) and (m?,m°) are the structure maps of lax monoidal functors, namely

IQTTZ 9", 19TZ
1QTY 8%, 19112 T°®ll [QTTZ X9 (o1
TU@Q Vidgo®1 lT”@l TI®TTZ ym'e1 g1
TIQTY “TY T19TTZ TT0®¢
TQl VT sz I1TY N o112 TTI®TTZ 28 TIRTZ
TU®Y) g, TUOTZ) = *l . b T‘Ai = VA A
TY —— TTZ T(TI®RTZ) ym* T2
TA ITAN TA TTzl
TTI®Z) —%— T(I® Z)
Y — 5 TTZ Tml Yo lm T2 —— 12
77— TZ
the diagram (81) reduces to
I®X id®(mo?"NoM) I1®TZ
| i |

I@X M 1oy IN rerTz 9% 10 TZ

,\l UAm Al IArN Al A lA

X — TY ——esy TTZ —— TZ

which is equal to (80), since A is a vertical transformation of double functors (18).
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